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The technique an Howard { 1984). Martio-Lof {1082 ), Sato [ 1956) and Hayashi
& Nakano [ [987) 1o generate programs from construct ive proofs as many use
ful points. For instance, we can synthesize a consistent program if the proof of
the formula. as the specification. is consistent. Tn Uhis teehnigue, however, we
cannol syothesize a parallel process {like CCS {Miloer (L3995} or CSP {Hoare
(1URG 1) ) by which cotuputers communicate with the outside world in a natural
manner, hecause the definition of “program” in this technigue s only “A term”™.
s this paper. we propose a new logic g, and a techuigue for generaling a par-
allel process by which computers communicate with the outside world from e
proct of this lage.

1 Introeduction

There has been some research (Howard (1981). Martin Lol (19%2), Sato (19%6), and
Havashi & Nakano (1987)) into program synthesis from constructive proofs. In this
method. an interpretation of formulas is deflined as a set of programs. and a transla-
tion method, from the consistent proof of the formula into a program that satisfies the
interpretation, i shown. Therefore, we can identify the formula as the specification of
the program, the proofl as the program, and prool checking as program checking. Thus,
this method has many useful points, however, the definition of “program”™ in this method
is only *A Terw (function)”. This make it, difficult to synthesize a program as a paral-
lel process by which computers communicate with the outside world, In this paper, we
propose a method to synthesize “program”™ as a parallel process like CCS { Milner [ 1988))
from constructive proofs. Section 2 gives the parallel funetional language “Program Term™
and some termination properties. In section 3, we discuss a method to express a process
using & formula. Section 4 proposes a new logic u to synthesize the process from construc-
tive proofs. Section 5 defines a realizability of logic p using Prograin Term, and shows a



program synthesis method from the proof of g. Section 6 shows an example of program

synthesis,
2 Program Term

Program Term is a parallel and functional language. This language can express commu-
nication with an outside world.

Let 170, and ['; be pairwise disjoint sets. where each element of {7 is an individual
constant, each element of U7, is an individual variable. and cach element of {7 is & function
constant. We use b, . j, b, weand o for natural numbers, ¢ and d for individual constants.
s tow. v, we e,y and = for individual variables, f,, g, and &, for n-arv function constants,
a and b for objects, e, A, B, " and I for Program Terms. and Y.V and Z for Program
Term variahles.

.1 Svnlax

Definition 2.1 {Ohject. Program Term)
We define objects and Program Term as follows.

o object @ = ale] fi 0.0,
e Program ‘Term A == ajnop|Z|projin)|el{|ifiA = B)|A,.A|Az. A|AP
lseleet{l AL BLCOTL ANALE O, A nonin. A)|{out, A, B)
l(para. AL B)|(seq. A B)|(nomdet. A, B)|(nonout, A, B)jje.A

We assume that seq. para. proj. in. nondct. nonin. oul. vonout. r. L i f, nop, select, A 11
and g can be distinguished from individual constants, individual variables, and function
constants. We submit the following syutax sugars.

e ds
P T | E‘f Ay eeecdn, A Ag oz A E’r )u;{] ...Jz1r..4
and three occurrences of r.

Definition 2.2 (Object free variable, Object bound variable)

An oceurrence of an individual variable + in Program Term A is said to be an ubject
bouad variable if there exists an A% subterm A..0 such that this vccurrence is in B.
An individual variable r in Program Term A is said to be an object free variable if all
oceurrences of & in A are not object bouwnd variables.

Definition 2.3 (Program Term bound variable, Program Term free variable)
An occurrence of a I'rogram Term variable Z in Program Term A is said to be a Program
Term bound variable if there exists an A's subterm Az B snch that this occurrence is in
B. A Program Term variable Z in Program Term A is said tu be an object free variable
il all oceurrences of Z in A are nol Program Term bound variables.

Definition 2.4 (Executable Program Term)
A Program Term is said to be an executable Program Term if this Program Term has no
Program Term free variable and no object free variable.

d



2.2 Operational Semantics

In this section. we define the operational semantics of the executable Program Term. First
we define N-calculation, which is used to define the operational semantics.

Definition 2.5 (N-calculation, Normal Form)

Let I be a Program Term. N-calculation is defined as outermost rewriting by the following
rules. If N-calculation of D terminates. then the result of N-calculation ' is called the
Normal Forme of 1.

1. H there is an occuerence of the form selectin, B, C). then replace this occoerence with 8.
2. Il there is an occurrence of the form seldeci|l, B.¢"), then replace this cocarrence with €,
301 there 35 wn ocoureence of the form (A A{#))a, then replace this occucrencs wilh Ala)
4 I there s an occurrence of the form (A2 A7) 8. then replace this occurrence with Aj B},

5. I there is an occurrence of the loem propf A LA ) and 3 <1, then replace this oocurrence with
Al

G I there s an accarrence of the form progi i Ay .. A ) &nd ¢ < g, then replace this seeutrence with

nap
T M there s an oocureence uf the Torme fuleyorado then replace this oceurrence with the resali of
calculation an fiuley, .0l

S0 thers 15 an oecurtence of the forms fi A = B no object Tree varialles or Program Term free variables
aecur in A amd B oand oo oreweile cules can be applied to 4 and B, then, if A = B then replace this

oceurrence with § olse replace with r.

907 there s an occurrenee of the form (@ Aoy 6., and this occurrence is not in 2 and € where

artecti £ B ") s an arbitrary occurrence, then replace this oceurrence with { g A))a;...a..

Lemma 2.1 (Church Rosser Property)
Church Rosser property holds for Neeolewlation.

Definition 2.6 (Strongly Normalizable)
A Program Term A is called SN{Strongly Normalizable) if every N-calculation sequence

is finite,

Definition 2.7 (Alpha Equal)
Let 4 and B be Program Termns,

e If a term of the form A,.C" occurs in A, and there exists an ohject variable y such that
v does nol oceur in L then, we write

A =, (A [y/z)C/ACA.

o Il a term of the form jo. Az (" occurs in A, and there exists a Pragram Term variable
Zz such that £y does not occur in ¢, then, we write

A=, [wAz, |22/ £]C Ju.Ag, .C)A.
If there exists a Program Terin sequence 4. ..., A, such that
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.4 = -d], ..4] o -421. cmny An =a Bu
then we write
A=,. F.

Definition 2.8 (Equality)
Let A and H# be P'rogram Terms, A’ be a Normal Form of A. and B' be a Normal Form
of B. Then.

A=l 4oy

Firat. we show the intuitive meaning of the execution of Program Term. Let P be an
executable Program Term.

L. Execule P which is the Normal Form of I as step 2.

2011 the P'rogram Terin has one of the forms that follow. then execute it otherwise

execution cnds.

RN « Execute A.

= {r.fA. 8} < Execute B,

= srgch B < Execute 4 and il A terminates then execute F,

s {perra, AL B «+ Execute 4 and # 10 parallel,

s fwondit, ACHY o Execute 4 or Hithe selection is non-delerministic),

= (I1.4) - Terminate.

DT <+ Input a and if Ae has Normal Form A' then Execute 4%
* jouta, ) < Output a, then execute A,

s (newowt, B, A} - Execute 4,

The operational semantics of Program Term are shown by the following definition.

Definition 2.9 (Operational Semantics of Program Term)

The operational semantics of Program Term are defined using a transition tree. 4 — A’
means if A has a normal form, then there is a transition from A to the normal form of A°
by the action f. Action in{b) means the action “input b, action out(b) means the action
“omtput b, action r means the non-observable action or the internal action, and action a
shows one of the above actions.

(Lid Hy = A (r.(4. By L B

ipara, A, B) = ({para, A, B),7) ipara, A, B1 = ((para, A, B 1)
AL A BB

{ipara, A, 83,0 = {para, A', B) {{para. A, B),r] 2 |para, 4, B')



(puru, L, fH) R (para, 4, L) Z A

A=A
{seg. A B) 2 (arg. A, B} [meq. L 3=
imendef, 4, #) = A frondet, A, H) S R/
_‘T[ﬁrf'] — (Bl
(oo AP Ak [ouf b A) — A
iwonoel, b, A) - A Pl

[ # 15 not one of the above forme.)

2.3 Some Termination Properties on Program Term

We discuss some termination properties of the parallel process by which computers com-
municate with the outside world, using Program Term. In rouclusion, we propose TD(
{Termination by Delaved (‘ontral} as the property that the rorrect prograi must satisfy.

Definition 2.10 (Strong terminal node)
Let A be a Program Term and f he the transition tree of A, We define a strong terminal
node of £ as follows.,

o [l a node ais L, then o is a strong terminal node.

¢ If every node which can be reached by any action from a is a strong terminal node,

then r is a strong termina node,
We write TC'(o) if @ is a strong terminal node.

Definition 2.11 (Termination without Control)
Let A be a Program Term and ¢ be the transition tree of A. If the beginning node “A™ of
{ is a strong terminal node, then we say that A is TC {Termination without Control).

TC is an extension of the property “Strongly Normalizable” in the Term Rewriting
System and the Abstract Rewriting System. Intuitively, *A Program Term B is TC™
means “You can halt 4 by giving arbitrary finite input sequence.” It seems simple, but
some examples, like “editor” and “Operating System”, do not satisfy TC". TC is too strong
properly to fix correct programs.

Definition 2.12 {Weak Terminal Node)
Let A be a Program Term and { be the transition tree of A, We define a weak terminal

node of § as follows,



e If a node o is L. then o i3 a weak terminal node.

e If o has no transitions with an input artion, and o cannot reach a non weak terminal

node by any action. then o is a weak terminal node,

# If v has some transitions with an input action, and & cannot reach a non weak terminal
node by any non observable action or by output action, and every node which can he
reached from o by some inpul is a weak terminal node. then o is a weak terminal

node,
We write T/ o) if o is a weak terminal node,

Definition 2.13 { Termination by Immediate Control)
Let A be a Program Term and ¢ be the transition tree of A, If the beginning node ~A” of ¢
is a weak terminal node, then we say that A is TIC {Termination by Immediate Control ).

TIC is an extension of the property “Weakly Normalizable™ in the Term Rewriting
System and the Abstract Rewriting System. Intuitively, “A Program Term 8 is TIC”
means “You can halt B by giving adequate [inite input sequence according 1o the state
of B." But it may be that “vou cannot halt 4 at any cost after giving incorrect input
sequence”. Therefore, T is too weak property to fix correct programs,

Definition 2.14 (Terminal Node)
Let A be a Program Tenm and { be the transition tree of 4. We define a terminal node of

{ as follows.

o If every node that can be reached by any finite sequence of transitions from o 1= a
weak terminal node, then o is a terminal node.

We write T (o) il o is terminal node,

Definition 2.15 (Termination by Delayed Control)

Let 4 be a Program Term and { be the transition tree of A. If the beginning node =A™ of
{ is a terminal node, then we say A is TDC { Termination by Delaved Control). We denote
that A is TDC by THOC(A )L

Intuitively, *A Program Terin B is TDC™ means “Even after arbitrary inputs, you can
halt A by giving adequate finite input sequence according to the state of B”. This prop-
erty is better than TIC, because we can always recover inconsistent inputs. “Editor”and
“Operating System” satisfy this property. Therefore, we propose TD(" as the property to
fix correct programs,

Definition 2.16 (Function tic)
Let A be a Program Term, £ be the transition tree of A. and o be a node of £, We define
the function “tic” as follows.

o If ais TDC then lie(o) = w.

# If o is not TIC then ticla) = 0,



o If o is TI, and every node that can be reached by any input sequence which has
length n — 1is TIC, and some nodes that can be reached by any input sequence whicl
has length mr are not TIC where m < n. then fic{a) = n.

We use the following vrder.

o 0wl Wn < me where <, is the general order on Natural Number, then »n < m,
We identify the Program Term -1 as the heginning node *A™ of the transition tree of A.
Lemma 2.2 (Some Property of TDC)

L TDC(A) and TDCOCR) then

o IO ((para, ALB TRO N (seq. AL BY) T DO (nondet, AL H))
20w < tiel AY and Liel B) then

o v < hel{para. A B o < fel{seq, A BV n < tiel(nondet. A, B))

3  Expression of Process

We show the primitive actions of process on ('S as an cxample.

(a) ol L BCe) - dnpot o from the port o and execute Plr),
(b)) afa)i* o Qutput @ o the porl o and execute £.

{r] IR, o Execute Py and Py in parallel.

(d) Iy 4+ 14 o Execute Fyoor £ non-deterministically.

In Program Term, {a) corresponds to (fn.4), (b) corresponds to (euf, a. A), {c] corresponds
tofpara. A, B). and (d) corresponds to (nondet. A, #1). Note that we do not use the concept
of “port™, in order to keep our discussion simpler.

In this section. we discuss a method to express these aclions using formulas. and we
show the basic idea for expressing themw. Firsl we show how to express (a) and (b}, and
then how to express (¢) and (d). Finally we show the problem with the idea, and discuss

a sulution Lo such a problem.

3.1 Esxpressions of luput and Output

In the classical method of program generation, some interpretation of a formula is induc-
tively defined on a set of programs. Intuitively, if a formula F' is interpreted hy a prograu
e, then ¢ satisfies the specification F. We try 1o change the interpretion in order Lo eXPress
{a) and {b).

The classical interpretation of ¥ Flr) is,
e f.such that for all a. fa interprets Fla).
To express the input action, we change the interpretion of ¥z F{z) to

o (iu, f), such that for all a, fa interprets Flal.

-
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Similarly. to express the output action, we change the interpretation of dr iz to
o (out a, f), such that fa interprets Fla)

Representing some examples of programs to use this interpretation, it is necessary lo have
another ¥ and another 3 that show conditions without artions,

To distinguish them. we use the notations ¥ and 3 to show action and use the notation
% and 3 to show actions. This discussion is similar to the discussion on the classical
interpretation in Hayvashi & Nakano {1987) and 'lakavama (1959,

We showed the idea of interpretation to express the input action and the output action,
however, there is a problem with this idea.

We discuss thiz problem in subsection 3.3,

3.2 Parallelism and Nondeterminism

Similarly for subsection 3.1, we try to change the interpretation in order 1o express ()
and {d).

I the classical interpretion, the interpretation of # A (7 is

o ( f.g).such that [ interprets F. and g interprets {7,

i f.g) has information for executing f and g. Therefore, we can change the interpretation

of this formula as follows.

Lo Cpera, fogl, such that finterprets F.ooawd g interprols o4,
2. (seq, fog). such that f interprets F, and g interprets €4,

4. (nondel. f.g). such that f interprets /', and g interprets ¢4,

We use the notations £ A, G for 1, and F A G for 2 and F A, (6 for 3.
3.3 Problem and Extension of Logic

ltecall that onr aim is to establish a method to synthesize, from prools, a parallel process
by which computers communicate with Lhe oulside world, For sach an aim, we need to
he able to express the specification of the general program using formulas. But can we
express the specification of “Operating System”™ using the idea shown in subsections 3.1
and #$.2 7 The answer is no. Because, since every formula has a finite length, and ¥ and 3
cannol appear infinitely in every formula, we cannot express a specification of a program
that has no upper bounds to its input and output. We solved this problem of extending
the logic. Intuitivelv, we extend a constructive lagic to be able to express formulas of
infinite length. Of course, the expression of formulas is not as free as in Infinitary Logic.
We only accepl formulas that can be represented recursively. We use the notation of the

recursive formula as follows.

(A iy F U2 s T W@ (2 e 2 ety s 20 ),
. 'lr:n]ﬂm] [I-'[-,, g Ly }...ﬂmn{I] . Tﬂ.”wl‘“bn



(We abbreviate the form a, (... 20 ) W @)
This means

P{b] y s Eln_}l k=2 F{ﬁ;.,...bu. F[ﬂ”{b| . .....4‘.-",. ke .-uﬂ]n[bh .....Eln”.
oo Plagmy by oo b e v @[ By e B 1 1),

The truth value and inference males of recursive formulas are defined so that every
extraction program from the correct proof by them satisfies TDC. The precise definition

of logie 1 is shown in section 4.
4 Logic p

In this section. we propose logic g. Definitions of individual constants, individual vari-
ables, and function constants are the same as in section 2. Let {7, and 7, be disjoinl sets
(1 U U001, and Ty are pairwise disjoint sets ), where each element of 17, is a predicate
constantl. and each element of {7, is a predicate variable. We use op,. prg. and gy, for
n-ary predicate constants. ¥, and @, for w-ary predicate variables. F.GOH T W
and L for 1-formulas or formulas. and & and - Tor sequents,

1.1 Svntax

Definition 4.1 (Predicate, I-formula, Formula)
We define object, predicate, I-formula, lormula. and sequent as follows.

1. Object e a = el fulag..oag)
2o Pradicate o Fiap 2= Py [ ¥im
3. Llormula oooeeeee F o= Fgaeas| U gay o IR RV = Pyl=F¥a | defla |

Br( @0y Ary. ---fu-“1F-J"'l':-.;-v: ..... [ F}.'I:;-',.A.;rl IR ety iy
Where,

{a) L is an I-formula in which § or any predicate free variable except ¥, do not occur,
and ¥, does not occur in the negative part {refer to definition 4.5} in L.

(b} If F is an I-formula in which £ occurs at least twice, and Br.fy .ty 0y 1) and
L sy, %2.53,84) are arbitrary subformulas of /. then the following relations must
hold.

=8 th=s; [Ia=s8

G = Gy -GV Gl3xGla |

d. Formnla oo (7 = f’,[n'ﬂ| el [T ﬁ'-gifj'l W Gy
{F-}'ﬂhi:h...,:“-ff]”-l TR
Where L is I-formula in which § or auy predicate free variable expept for ¥, do not
oceur, and ¥, does not occur in the negative part (refer to definition 4.5} in L.
5. Sequent e hu= By BB F
Note that we sometimes abbreviate the form Fy, . F; to I and A



Definition 4.2 ({ })
Let A and F be arbitrary [-formulas. then

The resull of replacing ¥ in F with A, except inside the I-formula
whose outermost logical symbaol is §.

(Ao F Y {

We introduce the new logical symbol §. The intuitive meaning of { is

EE(Rpnye Ay rn - Pt Aw, -GG H D)
S (Voo F =@ 0.0, YeHx))n 31‘{I““’“"|n|.m--- GOV H )

i Precisely speaking. as we do not define the “Natural-Eim™ rule, “=" is not salisfied, )

We do uol need 1o defive 47 in logic. but it is needed when we define the realizer
interpretation and realizer extrartion rules.

Definition 4.3 (Bound Variable, Free Variable, etc)

¢ Let £ be an [ormula or formula, and « be an object variable in F. Then, we say that
an occurrence of ¢ s an object bound variable if there exists a subfuriula ¢ such (hat
(7 has one of the following forms:

Yaolf. 3r H. |:.|"-J"lb', T TR RRPOY N r,-,-H Jet g ooty
R O RTRRNDY | D TO. FR B i §
sl A, ..--H~F‘J"¢.,...y1 T S X

¢ Let £ be an [formula or formula, and ¥ be a predicate variable in F. Then, we say
that an occurrence of ¥ is a predicate bound variable if there exists a subformula €7
such that ¢ has one of the following forms:

(A e Mo B R A i H ot Ay T T

* Let F be an I-formula or farmula. and r be an object variable in F. Then, we say
that r is an object free variable in F if there exists an occurrence of r such that the
occurrence is not the object bound variable.

¢ Let F' be an I-formula or formula, and ¥ he a predicate variable in F. Then, we say
that W is a predicate free variable in F if there exists an occurrence of ¥ such that the

occurrence is not the predicate bound variable,

Definition 4.4 (Negative Context, Positive Context, and Input Context)
We simultaneously define the set of negative contexts Neg, the set of positive contexts
Pos, and the set of input contexts fn.

Let F, (7 be I-Formulas, N be an arbitrary element of N eg, F be an arbitrary element
of Pos, and I be an arbitrary element of In, Then Neg, Pos, and In are inductively
generated by the following clauses:

¢ o FAP PAF PVF FviP N=F F= P ¥P, 3P,

[l'-'-'h‘n:u i Pl ET By, Ay -t-"F'P"""'c-:-l':- o 'GP,
ﬂz['rlm:‘"-n. . ¥n ¥ l-'--’,“rh_-,.y:_ .y.-G- F] .:Iiﬁm;u)lx.. .J..-Gnl-'--]'ll,“.p._.. e -P:F] t Paa
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e FANNAFNVE Fv N P2 F F= N YN, 32N,
|',:,|_1..,:_| P T Bridy o, e .f‘,;.l:.Jh'-“J_w__ w0 N,
If{':'n”.-,l., ,Jn--"‘l'.i.ll-..-,ml_h_p, IR E o ﬂ.!'i‘#;..r.l”_._I_‘_.G.j.l..lq-“:“m._ _Ih_..“t:,.f"] Iy ,“irfg

s baf PaF IwF IvwP F= vl 32 Bl P Ay _J_.F,#_.]..l_“_,,_ o ), dn

Let Fornt be the set of all formulas. The set of wide negative contexts, the set of wide
positive contexts. and the set of wide input contexts are defined as Nrg U Form. Pos U

Form, and In U Form, respectively.

Definition 4.5 (Negative Part, Positive Part)
Let £ and I he arbitrary I-formulas. If there exists a negative (positive) context O such
that f = [F/+]() holds. then we say that F occurs in the negative {positive) part of 1,

Definition 4.6 (Input Part, Positive Part)
Let I and I be arbitrary I-formulas. If there exists an input context @ such that [ =
['/+]00 holds. then we say that F occurs in the input part of /.

Definition 4.7 (Function)
Ve define four functions as follows.
L] _D['¢’ lt-,{rl,.hl:'

L I no Lormulas of the form Ve liz) ocrur in H's input part, then

ol b i Z g

2. IMsome I formulas of the form Vz/{z) oceur in H's input part, and J is the result of
replacing the left-outermost I-formula of these [-formulas with fri®,,. F.G I (x)),

then old, F. (i, H ) .f.=; g,
o (O FLGLH)

L If no I-formulas of the form ¥z I{z) oceur in [I's input part. then,
(e F.G.H Y H.

2. Otherwise,  w(®.F.G.H) Y (0. F.G.o(®. F.(i. H)).
I
1. If no I-formulas of the form 1z( Py F. G 1{x)) occur in H's input part, then,

def
wiH) = H.

2. W some [Hormulas of the form fx(®yy, FGU I (2 ) oceur in /s input part, and J is
the result of replacing the left-outermost 1-formula of these I-formulas with Yallz),

then.

de
iER)

o )

1. If mo | formulas of the form (@ G 2)) occur in H's input part, then,

11



2. Otherwise, J{H) dg | H ).

4.2
We propose inference rules of logic p.

| Assumption) {where F isin 1'}

e F

I'eF 1'+Q

W [And-Intro)

FEEAG .
Tra {And-Elim 2]
INFri T.GF H
I'FH

rvFve (- Fllurm §

r.irao
TF =1 [Top=Tatre)

I'og |- Fiy)

TFvrFir) {Upiv-lntrop

TeF

TrFvg O

de
VIER ]

Inference Rules

e AL
Ll ML {And-Elim 1)

b
rrF Intro 1)

e &
TFrveg (i
' F=d¢ I'vF -
e {Fenp- Elim
I'FYeFiry Thal . ,
Imiv-E]
TF Fla {Uimiv-Elim}

[where g dues not cocar in the lower sequent, and & i an arbitrary ohject. }

THFla) Thal
T+ 3rf(r)

|ExistsIntrol

I'e3aFia) IFiwiFG
I'r i

| ExistsElim}

{where g does pot occur in the lower sequent, and o i= an arbitrary object.)

LI T T T T > <mE Iy, En 2T Flon, ...V F Firy, . .14
IF'F¥zi, .oafir. . '

{WF-Ind)

.Tnj

{where £y, ..., 2y do not oeeur in the lower sequent.)

'+ G{ﬁl.---.ﬁ".f!

Tr 160y (Mul)

{where | = [T TR £ ESPpree ML 0 B

FEQe{l /@R (z) T ¥ry,..3all = &, 7 .0n) F Y2 h'(1)

TE by b, "
TFGib,. . b, 1} (Mu-2j

{Natural-Intra)

TFaz(® As,. . o H I, K(z))

(where | = #-J-i:‘-,..n_,....k._-G{tl----ltnl T

12



I Higi.....gnh I-f;'{‘f',).,“_ aa T Ea ) G i ) T F Hiar, )
[ TP .

{Mu-Intra}

[where g . gn) bas the form —L{y, 9.0 I =p Adpyen e GT, 0 Fa W), and @ does not occur
in the lowest secuent. )

I'EF e =F - 'k L ,
B e — { Bot-Intro.neg-Elim ) v i Bal-Flim)
NFe 1 . )

..-!._. — {Neg-Introg Tre = feyg 1

F'ra=t TrF Fila}
e Fibi

't ay < ay [iFas < as
I'|'l:1|_\':|]:|

i)

ey 21

Definition 4.8 { Provable Sequent)
If a sequent, which consists of formulas only, can be inferred by these inference rules, then
we call it a provable sequent.

4.4 Axiom

In this section we define the axiom sel. the axiom, and the inference rule of the axiom.

Definition 4.8
Let Ul be an arbitrary set, [, be a set of well-founded partial orders oy U™, Uy be a set
af wary partial functions on U, and V be a fonetion such that

Lo ¥rel 'V Upu {s}
whers « i5 a new symbaol which means “undefined”.

2o Vrel L Vie)C U™
where {751, is the the set of all n-ary predicate symbols which are elements of {7,

3. F!EE'}[,,HL-[I}EUHM}
where Ly, is the set of all n-ary function symbols which are elements of I'y. and
U ¢y is the set of all n-ary Tunctions which are elements of U;.

LoViflap.a)) = ViFiVia ) ... Via, )
If Viay) = # for some ¢ (0 <0< n+ 1) then VIS HViay),....Viag)) = +.
b Vi=)={< a.b > |Via) = Vib)}

Vi) =¢

Vil = {alVia) # +}

For all i, n, there exists <, el,, such that

=1 il ]

© >

Vi{i<inl = {< apyevan, by by > (< g, 8y << byy by >}

Then we call < U, L, U V' > the structure,

13



Definition 4.10 { Axiom Set)
Let < U4y Uy V' > be an arbitrary structure. Then

- . de f .
Ar(< U Lo Uy V =) = {pagcatg) < ayan > eVip) ply U U {<in )

Definition 4.11 {Axiom)
Let M be a structure and 5 be a subset of Az( M), then we call § an axiom on M.

Definition 4.12 (Inference Rule of Axiom)
Let A1 be a structure, and Ar be an axiom on M. If a sequent. which consists of

formulas, can be inferred by the inference rules of logic g and the following inference rule,
then we call it a provable sequent on the axiom Ar.

l—.,'|_—F { Axiom | (where Fedr)
After this, we denote Vin) o easily.

Theorem 4.1 (Consistency of Lagic p)
Lerpie p1 45 conpsiste il

Proof. S5ee Appendix 2, O
5 Realizability Interpretation

I this section, we introduce a realizability interpretation of lugic g, and program ex-
traction rules. Using this interpretation, we can regard the formula in logic j as the
specification of programs. Moreover, by program extraction rules, we can regard proving
the formula as programming the process.

5.1 Definition of the Realizability

We show a realizability interpretation of logic u with some supporting symbols. Supporting
symbols are ¥. 3. h Mp. and Ay, The inference rules for these symhols are the same
as the original symbols, V. 3. and 5. ¥ corresponds to o, and ¥ vorresponds to v, so
the definitions. which were defined as functions earlier, musi be extended according to
these correspondences. For example the definition of function g($, F., i) is extended
as follows.

L. If no I-formulas of the form ¥Yxf{«) or 'i"x.f{.r; occur in /s input part, then,

ol®.F.C.H)Z H.

2. If some I-formulas of the form ¥z/{z) or %’xf{x} occur in f’s input part, and {J is the
left-outermaost [-formula of these I-formulas,

14



(a} If O has the form Vo J(x ), and J is the result of replacing O with gz( @, F, G (7)),

then,
o F.c.H) 2.

(b If (7 has the form ‘a";c..H;c b and J is the result of replacing O with E].r.Hl["b, FoG fr)),
then.

ol®. F.e i)Y g

Definition 5.1 { Realizability Interpretation)
Let A he & structure. and F be an arbitrary formuola that has no free variables, and o
be a Program Term, We define a binary relation (¢ realize 1) as [ollows,

. drf . e
| risalize P ptl gy, % ECSEN Py g g ) AT I ey

LE
-

remliee F AL 7 g Arpigle ={aeg, ey, 60) Aoy realize Ao realize ) a8 TN 6]

realize F i G <% Jeq,eaie = (pura, ey e3) Adey realize F)oa e, realize G))a FID0O0

'ill
roealize F oo, ~j=- Aepoeglt = (wandel ey 0] Aley renlize Fia o realize G o TN )

i

realize F v (7 i
FAAdrceale = (A e el A ilA = Do ey realize v = Aoy renlize )0 TOC

- il
realize Fo= O -L-zra Fegie =0, ryhn
YA realize &)= (0 A realize (1) AT e

.odlef . . "
T.e vealize o £ wg [{A realize F') = {(rA realize |1 A T

resgliva: Vr Fir) & Fedr =lin ey ) AYA ey A realize Fieh)n TD0 )

.
-

-
.

realize Yo Fir) -\‘.dzﬁ:- ey = lmowin, ey b AYAdey A realize Filriya TN (e}
1, ¢ realize 3rFir) -"ép A4, epie =lout, A ey} Ade, realize F{AN A T e)

11. ¢ realize 3r.Fiz) -':tf} JA. e1ir = (nomout, A, e1 ) A (ey realize FLANY A TN

14 ¢ realize Jay...o. td='“|r:- Far (e iy, tin)
whiere Fir 2 g1, ol is the least fixed point of the following relation.
Forg & g un) & (TDCLE )0
[ There exists some set 5 such that = g, e > 5. and some wide inpul context Lig, ..0a, @),

and =ome Program Terms Ao, a0 pw) and «F such that

Z =y yn Ay ol [T/ 20 @) = Gy 1)
AR Ey L ra = Alrg, L ra A

W rprg > ebSAlr, xe fe ) renlizec ng vy [Rafo]ling, a0, B]))

]
Where Ky is a fresh predicate variable.
and the S-ary relation (¢ realizecs upox= F)is defined as follows.

We abbreviate < 5, 8 FIN » a s,

" del -
1ab T re‘-ﬂllml qj.:,”&]...l.ln é r= Zqi‘:lul...un .-'\r[f.. :Jl "[.ﬂﬂ]...ﬂq]

. . def -
{b] ¢ realize, p.0p...a, Z TN Pyl .y ) A T8, S, Pyt

15



[c) ¢ realize. F A, G -nﬂr
Jey, ezl = (seg. ey, e2) A ey realize, F) A (o, realize, &) Arle S, F A, 0

(d) ¢ realige, Fal g ey, ezle = (para, ey, ez} Aler realize. F)aje: realize, G))ar{c, 5, F Al
(el ¢ realize. F Aq O tg
Jey.eale = (nondel. ey, eq) A (e realize. F) o ez realize, ) Arle, 5. F A (7}

. de
(€] ¢ realize, F v é
FA. eenle = 1A e eal Al A =1niey renlige, F1IIVIA =1 Aleg realize. Glj)ar(e S F vl
def

g} « realize. F = 0
ey e = (Meg i A YA (A realize. F) = (1A realize. Gl Ar(e, 5 F = 0]
(b} « realize ~F <= VA ({ renlize, F) = (¢A realize. L)) Arie.5.~F)
(1) « realize. Yo Fiz) -:ﬂ Aerle =(im, e ) A YA (e A vealize, Flrhh A, 3.9 F(r])
(j} « realize, ‘Iﬂ'rf'l:r] gé'r? eyl = (nonin, e A YA (e A realize, Filrp)ar(e 5 Yrkir))
(K} ¢ realize, JrFir) g 34, eqle = (out. Ao A (e realize, FLAN Ar(e, 5 30 F(r))
i} ¢ realize. 3s.Fis} .:‘M;. JA.e e = (nonout, A ey} Air, reallze, F{A)) Ar(e. 5 3r F(r))
(m) ¢ realize. qe(d. A, o H.T.Gir)) &y 34.61.020¢ = (im. Aodofir = Al e, el A
(g eealize, (7@ JG0AN A (e Tealize. Gl Arie s oA, L 0L Gle)
(0} « realize, Gr(®. A;, o H. 1 Gir)) &, ERNaI =1eriir-l;-ii.{1! = Alerez)l
Adey renliges (1L 000 AT A (e realize, Cri) Arie, S5 by, L I LG
(o) ¢ realize, lap..a, l:di!:- (e realize foi..0.b
(p) ¢ realizes - g pras fKap.np &L iy (fop . i)

Where,

o The meaning of the least fix point of the relation Riiri, ...o0.) @ Pl org, Ba) ode) is the
w = ary relation 5 which is the minimuom relation in the set of 1 = ory relations that satisfy («}, on
the following partial order.

e b vcdir:- l ryen o = [yalmy, o pgdhalds) C e ry, x> |Boiry, g Jholda)

o IF gty ape Arf A ) then Selip g 8).8n) = {nep] elee Sel{pa 0l = &

o JEpde, . an Gl rn Wil

o mop is Lthe function from ¢ Lo ¢.

o e, 5 F) g e, Fhareie 5 FL owhere vife, .f*']l.. rzlr, 5, F') is as follows.

ri{e. F}
If £ has no accurrences of predicate free variables thes TOC{r) holds.

e, 5, F
IT F has some occurrences of predicate free variables. let ¢ be the result of replacing all Program
Term variables with ¢, where ¢ satisfies ¥ < by, by >0 (TTOe by bs ), then,

lt'f[E":I 2 TN sl by ;,,_s-{llr.'fr"b. b }_}.
Especially if ¥ has no predicate [ree variables excepl inside of § or i, then,

biee") = Whil gl by seslticle by by, b

We have to show the existence of Fizg in 12 as follows.

16



Claim
Let = pde s a0 G0y 00, ¥0) and £ = Ja,..a,. Then the least fix point of the following
relation exists.
ReparlZomn. g S ATOOZ)ASS LA S, e =S AL ="y
LTI | R (AL TR PR R ) 3 T ] PN S J I AF TOUNE SO TE SO 1)
Voo, o, >eSiA(r, 1y, Se ) realizec s ng meg s [Re /4l Ll xa, @10

Proof. First we define the function # as follows,

drf
#(0) = the number of the form pde, o, o -Hirora 8,0 in &
We show the existence of [ s ir.v j||_|:||,|_v|,ﬂ|_||| (W11 #H-;].

Base Case:
There is no poin Gz, su. W ) because #(07) =10,
As the pussibde Torms of L satislyving
L Ly T L -2 T O L -1 = SO i A LR
are hinite, let Ly, Ly be such formes, then the lormula
[FOEpad3s, LA e’ (< g 208 AT = e'yog, i
Wrio.. r..[[-i',-"lilflf,-"d-"]ﬂii{l e BB S Gl crg A Dy, = Ay, T A
Wl rnan 2eS Al o da ) realizes < my meyyy» [Refe]iz orn, @100
ran be rewrite to
(TEE A3 ey, g =65 A8 = aagah
Yr orple'r oy = AL RA
qu“:"*]f‘ﬂr-'.‘.' Ficry el ALy Sy ) vealize, s gy Fragr®
[Refe)laiay. coorn, BN (1]
Muote that p does not occur in L. berause of the defintion of ¢ and the indwction by pothesis
By replacing all vovnrrences A ol ihe form js realize o« gg g, > J) in formula (1) with the
defimtion of rl?ﬂ.li!ﬂ.g_-'.'.j':t.ﬂ,b_"t:' . repeatedly, we can get a formula A where all primitive
relations are 1IN, =", =" =" r" or “He,g, "
Note that, except for feay,. all primitive relations that occer in & are well-defined.

By construetion of A0 sollices to show the existence of the least fixed point of
Hewqnle piondinl & A i2)
We can regard “relation” as “set”, becausc we can define isomorphism function 3 #ire] =
{= @1non = |riap...a. b hold). Hence, we can regard A as the function i the following
sl
(S5 ={<ri, . rags = |riry . rugr)}.ris (n+1jeary relation)

Therclors, it suffies Lo show thal & 1= momolone as such a function,

 occurs vnly in the mput part of Lornnrq,®) 00 < 1 < m+ 1), Henee, by definition
realive < 5 Rq, Begy =, By oecurs only in the input pan of A

By structure induction on &', wi can prove that if Bqq occurs only in the input part of &, K s
MOonotone:.
Induction Case:

sumilarly for Base Case o

When (¢ realize F) holds, we say that the Program Term e is a realizer for the formula
F.

Definition 5.2 (Relation Real)
We define 3-ary relation Real:s. as follows.
We abbreviate < 5 > as s,
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de -
I. ¢ Realess Winap .. a, &= r= z-‘”ﬂl...-ﬂ.‘ Arie, 5, Wnpdy. . 0n)

2, ¢ Reale proyag..an gﬁ FESE Py @1 it ) A EE5 Prap@ta)

3 ¢ Real, F o, o/ 2L By, eale = (8eq, 0y.02) Aley Real, FlA(e; Real, 7)) Aorie, 5, F o0, 07)

i, ¢ Real. Fad g:- Jeq,eale = (para,er.e2) Aler Real. Flales Real, Gliarfe S FadG)

5 ¢ Real., Fa, G ..L_'f. ey ezle = (nonded ey ez} A ey, Real, F)Ajes Real, G Arie, 5 F Ay )

6. ¢ Real. I'vG &5
Sehoepralr =i A ebailA=1ale Real. Fl)vid=rnale; Real. G Are. S Fwid)

T ¢ Real, F =€ &5 3¢ (e = (lle,) A ¥A ({A Real, )= (¢,4 Real, C1}) A ric.5)
8. ¢ realize ~F &L v.1 ild Real, F}=={rA Real. L} Ar(e.5 F = )

9. ¢ Real, VrFir) &5 3o, = fin,e1) AYA (00 A Real, Fir))) Arie, 5.5 Fis))

10. ¢ Real. YrF(r} 45 Jeiie = (nonin,€,) A¥A (1A Real. F(r))) A (e, 5. ¥rF(r))
11, ¢ Real, 30 F(s) g Ad.epie = (ol A, ey) Ade, Real. FiA)Arie, 5 3rFin]

12, ¢ Real, 3r F{r) &% 34 cifc = (nonaui, A, e} A (e, Real, F{A)) A (e, 5 3r Fir))

13. ¢ Real. ar(®. A, B 1LGr)) &5 34,60, eale = (im Ay ifir = AL es.ea)) A
(e Beale (f/8000AN Alez Real, Glejb) Avie, Sl As, o, LR OT00

14. ¢ Real. ‘:J'Hl.'.ﬁ.., IR Y FF Y] g:j} ezl = (momin A i fid = Al ey}l
A eal. (740G AN A der Teal, Gia))) nrir,S.ErH’.l,, e 1 G

15 ¢ Raal, Tay,.0, g (¢ realiee Tay..omy)

where | = pdg o (o210 20 Wiy bo and the definiton of r s the same as in
definition 3.1.

Lemma 5.1

¢ realize [fug..a, < (7RO
{ There parisls sorne sel 8 such ol < gy, oon > 08, oand some wnde inpul
conttext Lixy, ...v,, ®). and some Program Terms Aixy, ..oz, 5 and o
such that,

£ = eyt AT o Ta [T TR L2y, e 0, 20 = Gloy, o ag 1)
Aefrgr, = Alrg, o Ta e A

V<o .x, >eS(Alr...., 7. Za) Real.s. [I/+]L{x,.....0..®))

'y
Proof. This follows immediately from 12 in definition 5.1. O

Theorem 5.1

Let F be une arbitrary I-formula. If there exists an -formule ¢, such that (¢ Real, =1)
or (¢ realize - F) holds, then ¢ = nop.

Proof. Asume that r is a Program Term where ¢ = r and r # nop stand. By the
definition of realizability interpretation, there exists some set Sy of Program Terms,
such that ¢ # §¢ = {A|{A Real, F)} or ¢ # 5 = {A|(A realize F))}, and eS¢ =
ec'¢, This creales a contradiction. 18



Theorem 5.2
Let & be an arbitrary [-formula. if some formulas of the form tr(®,,. A,
wr the form Qe(d . Ay, HoLGLE)) occur ain B, then

so-H LGl

iie Real, F)a¥e,, 1< ry.oxy = €5 = {¢'ry..0, realize fx;..1,)}})

= (|¢'/Zg,, | realize [[/® |0 F))
stenids for arbitrary Program Terms o 0" and for arbitrary set 5.
Proof. By formula induction on £ L

Remark 5.1
Let £ be [-formula. If no predicate free variables occur in F, then

ir RHeal, F'} = (¢ realize }')
5.2 Program Extraction Rules

If Py FL B OF s oa provable sequent, and Program Terms that readize Fy.L F

1L}

are
given, Then we can exiract the Program Term thal realizes F. Therefore. if - F is a
prowable sequent, then we can get the Program Term that realizes P In this subsection,
wo introduee the program extraction roles by which we exiract the progrom from the
prowf.

Definition 5.3 (Realizing Variable, ete)
Let Froo by B OF beoa sequent. Then we call the Program Tenin Variable which corre-
Hllf]llt‘l.‘i Lo realizers for FI, the “'rpaliziﬂg variahle™. We write 11 J?rl[ F‘ ] and the realizer of

FoEriF.

Definition 5.4 {Realizability of the Sequent)

In logic g, we define the realizer for the sequent Fy. ... F, = F as follows,
s ¢ realize & F b F
-:d;f'« VE e ot el B0, Foe ] = A A gm0l A AR £y o6 00n0 0 Je e ey realize F)

o r Real. /., FLFF &L
W Eap o €1 n s B Hlme, Fy e, ) = 'i-j'HiiF'.l-{ vl Agpipo 1t Ve mea bz iy Real,, F.

wlere oy, .., r are object free variables in Py P B F e ey are Mrogram Term
variables, and

Rin, Fie} g (e realize Fya
A f Fy ez ben realize Fo)a AR e AR i fn JEn—1. ez by realize Fy)
Roiu, Fooe) -l:g {er Real, Fuia(lAgwr, e2)e Real. Fija
oA A E gl T A et ez ey Real. Fo)

Definition 5.5 (Program Extraction Hules)
Let Ar be an axiom. We inductively define the realizer extraction rules which correspond

to cach inference rule, as follows.
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def .
it = fe e I Iy
Er (TI- F) ol F} {where Fisin [)

[FF THGY de -

| ———— = [« CEXHTE Py, EctilF G
E!(TFF{A}G) (= acg = Erili [ I_E 1 . , .
where if < A > e A then < seg > is pora, if < A > is A, then < seg > is arg, and if < A > 05 An
then < seq = = nondef.)

([ li-'{ ;ﬁ) dér pro {2 ETi(T F F AG)
TEF Ay def |
= 3\ E e
f(- reo ) proj3Ent (T F F o)
re# def o
:(I 5 Fu(;) = Akt (' Fiomapj)
Ik aef
= f ‘il F
( I—Pu[,J ir.(mop, Ectil' F))
E'(rrawr, [ FrH I‘.(-'I-H)
; e #

s
bf selectiproji LI Eet{ Ik F v G dgo e Frlil. FEHI
i?rﬂifllfpro,ﬂ'-":ﬁﬂfl”" Fyv A g e, Foll UG Hipreg( 2 prog( 2V ETHT B F v Ghb

x ‘PH‘ YT Ay EctiTL FF Gy

ri T & = (prop(HEeliT = F=0RENTF F)

Ext

t (e
([‘I-Fnl"- II—F) def
(vt

L'y IF Fig} ;J'
FP'{"I"}:H:,I) (< tn = de Extil F Firllh

{where if <% > s ¥ then < m > s 1, amd ol < ¥ > s ¥othen < > s monin. |

F'eveFir) [Fa|
E”( T+ Flal

L:ri( T3 5 sFir) ) = (coul > a0 FriilTF Fla)l)

iwhere if <3 > is 3 then < out > is out, and if < 3 = is 3 then < out > is nonout.

de
) ér {progi 23 EHT = ¥eirit

Ert I'k3rFizy T, Fialk o
g Ik«

Y (Arurand e BT, Fla) b G))iprof(2)Exe(l + 3£ (s} prog(3) Ext(T" F 3rF(z}))

I FE Ly et

EIE(W) = ApwrBat(DLFE L)
. T Ly def

r —_—
Ex (rr.a) e
£ Fo¥g, o< .t > m s £y T 2= Fly capml b F Flag, e 2nl
Fa = :

Itz Yoy, v dn = Flri,oza)

dé‘r (<im0 A dod o 20, Apy (el Az Ary . en A g g - E2t()))
(i Ay ofim, Ay (1L Ae. 2y g d)o )2 cx b))
‘whr_'r{ E = 'ﬂ'y.. . ?“'”1'1' Feeg iﬂ,.} =< n {z.. snay .'I.'.|-|_:|I = f‘-i’n.......]q”.
C= N5 g (91— B) <o (10 20 ) =+ Flanece g )} F Py, cnza),
€Wy, oty »ehow < ¥y xp 2 W 2, re, il <V sy 05 W then < o0 > is nonin, else < in > isin)



, [ hy, b, Tag o, . T T —
L”( T+ 16, b, )

i
Pf .E.-J'f“ = (.:'[tl] bn.fﬂ“ N Y ETERTL Jn1nluuﬂ1nn']

{where [ = p.).“” RPN 1 F TYRVONE SO (TR PR " —
. I'F by
t
. b (I‘I—G{b.,...,ﬁ,..!u... FTR T u,,,.,b)
[}
™ Erie)
iwhere T = e, o e roc Wamn o Waw cdmn ) £ S I'k Ihy  bg ).
. rkaf{:m.,,}c.m [y U = b2t ) F ¥2GE )
. b I Fet = i, .t., L H LG
def :
= (o am = A selectitfiv = (progi HEFHON progi W EF A progl 21 A gy o FHED)
TEELT- W I ¥ U S § B =" O ) N I 3 1 T )
(where if < 8 s < 5 then < o 2 is nonin, if < 2> ix 5 then < im0 > isan, ¢ = 1 F 3r (1) ),
E=1.r,. rolHir . ral= @, VE VG 2L G 0 = Omra)
I=pde v anbilr L rg Wi
. ([-.H[§|---.§'.|P"E[¢.A., 4..-lel-----f|a]-I--lr'l-.l.ﬁll-----!lnll':' It Hh]:l-----ﬂn.l)
e Eori n
[ F .rll'|...|'J“

&f (g, Ay u Do Ertiaimophe

iwhere | = pode, e, Gl ra Wi, L TSR P
B, e ) = 0000 e o Py ecttin s Pt cattann

P 5 N TORE T =T PR | R NSO ) B (R () | 2 By oy )
E=Him. ..ol

Ubaj oy def
Fu—u) = ner
Fra=86 TFFla)

Fri
* '( TT Fib)
Exe

[Foay < oa; Il'ru{u--) deff

ds
) _r Ertil'F Fial)

* r|'l'.l| <oy = nop
o Err (]_ = .-‘1) déj nop (where Ardr)
Remark 5.2

In Extil = £}, there are no ohject free variables execept the object free variables in T F F.

Theorem 5.3 (Soundness)
If & is o provable sequend of logie . then { Ex1{¢) realize 4 ).

Proof. Sec Appendix 1.

6 Example

We extracted the Program Term which is specified by the following formula. Roughly. the
execubion of this program is as shown,
“If you input the seguence 2,3,4.5, .. then you will be given the cutput sequence 2,3.5,7.
11,13.17. .... Il you wanl to halt the program, input 07,
Specilication:
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(1. Aw i dist—prop-Apidias VT 0t ~x = 04 (~divdist{x, p)n
Jy int{r = y A, Ik + i distik = cons{z,p) A Wk
(divdistie, p) A Pp)v r =04 Jy: stringly =" OK'))nil,

where divist{a,.b) is a formula where if there exists an element of list b such that the
element can be divided by e, then true. As we implement this logic to the system as the
typed logic. the above specification is expressed by the typed formula. The proof of this
formuia. and the Program Term that is extracted from it. are shown in the appendixes A
and H.
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Appendix 1
Soundness

Proof. By induction on proof 3. It suffices Lo show

1. if the lowest inference rule of 3 (s

B b2 b g
[

A= a Program lerm that is extracted from Erf(f,) (0 < 1 < m - 1), and & is nod Mu-Intro or
Natural-Intro. then,

fad Wee{l, 2 om i Extié, ) realize 8,1) = (A realize A}

(by for all &, Veefhod o ompii £ ri(d, ) Henl, &0 = (1 Real, &)

X the lowest inference rule of 3 18 Matoral-Intro:

P 3ol r) To¥ry, rn(H = 5 1, Fvelr)
rl— =:t¢|ﬂ|-lx|_ rp-H. L(:TJ”

[Asswme £ = pdg e, £ g W0

Let &, 4, be the upper formulas of the inferece. # be the lower fomula. 4 be the Program Term
that is extracted from Ert(&) (0 < 1< 30, and 5 be

[ b by = | F Hib by ie a provable sequent of logic y}.

then,

Vae {1 2 Ext(f, ) Real: -+ &0 = (A Realsow #)

1. I the lowest inference rule of 3 is Mu-lntro:

ol e by, Ay sl ora b LR (g el T Hiag, . ag)
'k dug.ug
(Assume that Higi.opn )l = ~ L. wal) for some LT = pdg o r Gilrg, 1, W),

Kim. ooy =4G0@, e 0} and P, does not appear in the lower lormula. )

Let #q.8; be the upper formulas of the inference, # be the lower formula, A be the Program Term
that is extracted from Ert(d, ] (0 < @« 30, and 5 be

feby. by > | F Hiby, . by lis the provable sequent on logic p}
then,
Wae [, 2Hi Ext(2,) Reale oo 8,)] = (A realize §)
The proofs of cach case are as follows:

I. Each prouf for (a) and (b} are shown as follows:

& Axiom. Assumplicn
It fellows immediately from the definition of the Program Extraction rule and the realizability
interpretation.

« And-lotro

Let T be Fy, .., Fa, and £q, ..., 2 be the object (ree variables in U F oand T = 67

{a} By indurtion hypolhesis
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Wrgy oos Ty Fla s Bl B, By} =
(s Fy el d Apw g E 8T F Fhlen. ez ey realize F) 001
¥ T f1e o tal Bin, Floe ) =
(A el e d Ao po - Ext{T B Gllen.bea ey realize G} ......02)
By the definition of the program extraction rule
ErtiTE Fald)=(seq. ExtiT + F), Extil' = G}
Mole thal we have:
L F E T S DU o T S
{Age el A Age 7y dseg ExtiT H FL EetiTF Gilien . Jeader
= sty (A g b A A, Ert{TF Fllea. bz,
(g el d Mg Fo BT T F G e n ez beg 1
hence, by [1) and [2).
A Az Vo ot e Hin F e ) =
(A g m L d A p o laeg. ExtiT B F) Extil & G5} ))en. deade g
= [aeq. AL Ag) A Ay realize F)aA; realize 7))
Let #y. ks be arbitrary ohjects that have values, and e, ... 0 be arbitrary Program Terms.
By induction hypot hesis
Rin. Fooe b= TDOW i ry Reer, ERIT F Flhee deade) I
FOCU A g e A A g g ExtE B G, e den )
S0 uwse Lemmoa 202, .
Ml Fooe b= THOWseq Aga g ol d A p ETE Fllea. dezley,
P e d DA eg - B et B ey eaden 1)
{b] By indoction hvpotbess,
W Fant g Wl FLeni =

P ry ol d Ape g Bt B Flhenoobezber Rasal, Fypo ()
L5 TR P T ST I 90 &N S
[.i“,.-;'l ,.[. -[AR.(F‘. wErt U Glpen.Jeg e Real, &y oo [2]

By the definition of the program extraction rule
Frt|l b F A= {scqg, Ect{'F L) Ext(l'F L))
Mote that we have:
Wy dant et faln, Foes) =
(e Fopel ol A gy ol st BT B FL Esiil b G ben. ez
=it iAo rg ol A g e B2l B e eg)ey,
[ PTRPERTN B P TRPFTR ' G A ) T U T ) X
henece, by (1] and {2},
4. Az Yo ama g, et Balm, Foeg) =
A r b A A 8eg. Ext(EE F) Ext[l'F Gl en.. beade
= jseq. Ay, Azl ALA; Real, F) A {A; Real. G} L]
LI o
Case F A G contains ne predicate free variables,
Clearly, F and (¢ contain no prediate frec variables either,  Let £y, ... T be arbitrary
objects that have values, ¢;. . ¢, bo arbitrary FProgram Terins, and assume R.(m, F,.e,}.
Hy induction hy pot hesis,
TDCU Ay £y (o Aoy £y EXHTF Flhea..)ealer ),
LD Arg ol A A £y EXHT F G)en, ez Jen ),
hence, by Lemma 2.2
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Boin, Fooe = TOCO((seqg, ( Ay r”.{...[.}l"..“-_ ,.Eﬂ:'l[ I'E Fllen-.bezes,
(A Fopolod Agai poy BTt Glen-Jezden])

Ty
Case F A€ has some orcurrence of predicate free variables .
Let #1000, £ be arbatraty ohjects that have values, e, ... en be arbitrary Frogram Terms,
and ¢, €=, and c’pap be Program Terms that are the results of replacing program variable
Zy ’

L, withor in £F. £, and € g respectively, where

er = {hpur b tAgg e, GE T Fhle . dee ey
eap = | Asiuy FJ_|-|: A g E, BT E Ghjew. Jez ey
EFan = t-,'-.l'frl.ﬂ b AAge Fopdlarg. Ertil F FlL.EstiU F Ghpien eeben
and ¢ satisfes
Vo by by e (TTOUeby b))
Hv induction hy pod hesis

tie(r] 2 amia g, b, e{eby LB fefel ) = man gy, b et biclebs by 0}
henie, by Lemma 2.2 and (3],
Melepas) = mingy, b, sosllicieb 8,10
ame F oA has no predicate free variables except for mside of § or t. the predicate free
variables in & and 7 deservedly orour only in 7 and b, hence
Brle e an] = iy, g sesiticledy b))
can follow smilarly.
o AL Ay
Similarly for A
o And-Elim 1
[
Let I bt Fyo o Frr £1000 £ be object free variablesin '+ F A&, and sy 0, {7 € m) be
object free vanables in I'F £
(2] By induction hypol hesis
LT SRR O . T S
(A ey el ed A oy GERD F F A e e ey realize FAG)H 1)
By the definition of the program extraction rule
ErtiT F F) = proji2)( Eetil = F)
Henve,
W T Bt B, e, ] =
(A pod LA g po o [ZHD B F A Gles. Jez e
= prof{ 2 (A el d g po e Ee{T F F 0 G en. Jeate )
ry. ... 1y he the objgect free variables in F, hence, by Remark 5.2
Frjwua Ty e tal Bim, Fioe ) =
(X g Fy gl ool At e 2T F A G ey ez e
= projl 20l A s pp - A Agu Fa  E2UTE F AG)Jew. Jezlea )b
hence, by (1) and the definition of realizability interpretation of A
JANr Lty el B Fg) 2
(Mg sl A Mg po - prog (20T B F AG) e Jez)er = A A (A realize FJ)
(b} Similarly for (a).
o A, M
Similary for A



+ And-Elim 2
Similacly for And-Elim 1
« OrIntro |
Let T be Fy, .oy Fa. 710 oca P be object free variablesin T F Fw G, and 5, ....2; (7 £ m) be
abject free variables in [+ F
{a) By induction hypothesis
Wy Tyt et Bin, Fioe) =
Vg gy A e BT B FijegCJegbey realize £ i1
My the definition of the program extraction rule
ExtiTt Foldy = (L{ErT = Fl.onop))
Hence.
Wy oood, e el B, Fe ) =
A g eyl A L LERHT B B G omaph] b ez e
=l h g el oA A e Bt F Fhlen Jeale mopll)
Since {11 and the definition of realizability interpretation of v,
FJA V. FyE, Ll R e ) =
(Ager Pyl el Ay p LA E R E Flomopllhea.. be 2l
= [{. (A wupl} A (A realize F)
By Remark 5.2, 5,41, ... £ do not ocour in
WA o E0UlE Flje e g moplt
S
AT e e B P ) ==
(WIS N N L F A0 T R S E T3 T e Ty
= (I {A nop)) a A realize £))

By induction hypathesis and (1] A, nap)) — A

TR LA nop)l)

(b) Dy induction hypothesis
Wy Tyt tal Balm Foe) =
Aaar A Aoy ErtiT F Flhew Jeahe: Reale ) L {n

By the definition of the program extraction rule
ExtilF Fv Q= (LIEril s Fionep))
Herce.
WEy o Tan o bl Ruln, Fie,) =
A ga oAy py LTEHT B F v Gonop) e ez e
=LA R o A g BT B F e ea e, map)))
Since (1) and the definition of realizability interpretation of v,
I, .o fp g, e fal Raln, Fion ) =
{ AR F ol oA Ay g 1 L CERI T B FY map) e, Jezdes
={l,[A. mep)} A{A Real. F})
By Remark 5.2 7,4, ., Tm do nol ocear i

HAlARe o meF e EXtT F Fller.cen mapi)

Yoo, .ttt Haln, Floe) =
{lﬂuf Fy I":""{‘j'ﬂ'"l'Fn.l'”" ({Estil'= Fon {;'l.ﬂﬂ']'”f:u . P L
= {l.[A nop)) A (A Real. F)}
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rie. 5, Fir) follows immediately form induction hypothesis and {1, [ A, nop)) — A
& Or-lntra 2

similarly for Or-Intro 1.

& Chr-Ehm
Let I be Fy..... Fp. tiy, ... tn, be object free vanables in . ry. .5, he objeci free vanables in F,
and 1y, ... 5 be object free variables in &

{a) By indwction hypothesis

LT PUR PO DU TRRNUNE 'THR TR | E TR S
(A1t A e ErliD b FAG P62l realize FAG) el 1)
LTSN T[T TR SN UDUUD. S S SR 1 I (1 [ B AP Y
Ao my el ol Xy iy 18 7 b Je g Je Pealize F) o=
(AR my e d Aaerry, ol A e BTG e dencbes ey
realize I§) -
WH e W0 T e L D e D e e bl B Fe A
([T R P PSSy L LS L realize F) =
1A persg # 1l | -1-’lnm, Fal “'-n.q o Ext (T G e e deg by
realize H ) (3
By the defimition of the program extraction cole
Erril' b ) = aelectiprogi WEetiT B F w65,
(Ao - Ertil E e W prosi W pregt 2 Ea il B F v G
[ pi - ErT G H ) prepgd)progl VEi (T F F v G
Mote that we have
WO, W Ty e, Ty B BR, 21 e B R F e ) =
A gy 3ol ol A g 3, orelectipresl DESHT F F v (5)
(Apgp-Eatil. F v H ) progl i propi 21 Ectil B F v G
(g Eati D G B progi2)ipregid)Extll B F v GO en..Jez be
= sclectiprapl V) Aau e, 0 A dgw o EXUTE Fwdiiey . Jeale),
(A bt g1 d A A F gl AR o Bl F F H
tprog(lijprofd2)Extil B F v Gijibes Jealerh,
ARyl ook A Foid ARy Exti D G - H )
(prof(2){proj(2){ ExtiT + F v G)))her..Jezles))}
HMence, by (1) and the definition of realizability interpretation of v,
Warg o W T e T W oo Wk By e Emua € e O A, B0y ] =
((Eatil - H)=
select{l [ Apory o d Appa i A A pe ey E0tiT. B H et ey ey ey,
(AR 1l LA Ru Fa 1 A AR gy FRHT OO E H pmopleg ez e )
A A bt 1y pel oo D AR g ot I Jeg ey realize F))
wiEstil'E )=
gelectir, ( Ay Fy gl Mgy by A g g bat{ 1, F b H imopley ez bey,
{Amu Fyihe ol At F 1l Aag - Bt (T G E H D Jey ez ben)
AL fag £y ol ool ARed £ 08" Je 120 De2 Jeq realize G))))
Now we can use (2], (3), and the definition of the calculatinn for select Lo complete Lhe proof,
(b] Similarly for {a).
o linpe=lntro
Let I' be Fy, .., Fn and 51, ... 5 m be object free variablesin . F I &,
{a) Hy mduction hypothesis
Y, i T Bl Bl (0, By o) =
{lﬂ“:p.].[...f.]uﬂurp‘ |-E.'Fﬂ IFEr G”E‘nn--]‘ﬁ‘!‘]ﬁ] realize ) e 1)
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By the defimton of the program extraction role
Ertil = F = Gr={11, Agy p,. Ext(T, F + G}
Note that we have
L ET SR S I I L N S
{Aaw F el Ar Fod L Age pp Eat{T. F E Gheno Jea ke
= [n.i.-’l-n.LF,J.l:...l:Aﬂ.-| Fotd Apm e ErtiT, FF G en.Jealen))
Let ep b an arbitrary Program Term where (0 realize F).
As Bl P00 < 1< w4 1) o ot occur n ep,
Yry o rmt et Rin, Fole, ) =
Al od gl A o Exti D F B Gldenonlez)eJer
= A r ol dl A - Are pn EXIT F F Gllerlen.. Jea e ]
By q1)
Wry o Fee by, ot Hlwm Fe =
A et A ey A e EXHT E F Gllep)e, o eale) realize )
(b =imularily for {a]
# lmp-Elim
Let I"be £y Fuand r#p, o ro be object free variables in I F F G
{aj By induction hypo! hesis
Wi dant et nl Bla. Foe,] =
A e b A g, Ert (DB F o= S,y degdey realize £ = G L0
Wat v Pt tan e ol Bl oo, ) =
A rd e ddge p, o ExtiDF Flye, ez ey realize F)) A2
By the definiiion of 1the program extraction rule
ErtilE o =iprapi2 i Eslil F F = €O 1EetiT = F)
Note that we have
Wry Pt el Blm, Foye ) =
fhge ol e AR G llpref(BTECTF F s GYNESHTE Fljlea. ez e
= 1{.53..,-;.,.[...11“,., o llprog( 2 EctiTF F = G0 ea. begley )
et por- ol £y A ETHE B F)len-. Jea)er))
Hence, by () and the definition of Lhe realizability interpretation for =
L5 TURNNE SRR I T S T
(Apecwy il ddp e e llprapi 2HEst(TF F = GYELUT F Fi)iea...)es e
realize o)
(b Similarly for (a)
* Univ-Intro
o v
Let T be Fy, ... Fy and r.ry, .., 7oy be object free variables in '+ Fr).
{a} By induciion hypoihesis
Ve B iy e Tmy E 1o Enl fBim, Foe) =
[Afe £yl A Ager g ExtiD B Flz)) e Jez ey realize Flz)) (1)
By the definition of the program extraction rule
Ertll' =¥ Fir)) = (i, A ExtiT F Fiz)))

By {1}
L7 TR S T
A g el A (e, A Ert[T b Fl2) ). Jes ey
= (in, Ap ")) AVA ((Ar.e') A realize FiA)))
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(b} Similarly for {(a).
oW
Similarly for ¥,

¢ Univ-Elim

o ¥
Let [ be Fy. . Fooand £y, ... 7w be oliject free variables in I'F Yo Pz,
{2} By induction hvpothesis
g dm Eh et iR, Froe, ) =
(A e Fpa ko d Aoy o Fa T B Y Fla ) 6w bez ey realize ¥ Firs)) vl 1)

By the dehiatbion of the program extraction rule
ErtiT F Fla)) = (proji 2 Ext[T - ¥e o) ie
Nole that we have
¥rjoo Tt Bln. Fooe ) =
(A e Dol Mg L preg 20 B (T F W F L)) bt b e bz By
= {prop 20 A gu e Ao A g py - EXUT B ¥ Flr)ea. Jez e a)
Hence, by {1} and the definition of the realizability interpretation for ¥,
Nogo bt o taldlin Moo, ) =
(AR A A me py o dpreg 2 Ertil F Yo o iaiea.. ez e
A realize Fla))
(b} Similarky for (a).
o ¥
Sumilarly for ¥.
o Frisd-Iniro
& 3
Let T bhe Fioo. Fa. 210 2w be oliject free variables in T - Fla).
(a) By induction hypothesis
L S PR R T ot I £ (N S o
(ApuFyplod Ap py B0t F Fla)ljen.. ez le, realize Fla)) 1]
By the definition of the program extraction rule
Lt 3r#iz)) = lout, a, Exfi '+ Flaj)}
Nole that we have
ey orwer el fin, Froeg) 2
(i lodAmy g dout o, Ext{l - Flajbhlen. . Jezles
= {oul L Ag el ...{J-L,Mp"].u]c.... Jezdey,
{J.g._(_p. bl A g - ExtiT B Filallbea. lealer )]
Wow we can use [ 1) and the definition of the realizability interpretation for 3 to compleie the
prrcsd.
thi Similarly for {a).
s 3
Similarly for 3.
» Exist-Elimn
e 3
Let I' be Fy, .., Fy and g, ¢, ., Py be object free variables in T, Fg) F G
{a} By induction hypothesis
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¥ri o Ema €1 tnl Bin, Fi o6 =
AR Fy ol oo A g, B8 D F ZrF b ben. ez beq realize 3 Fle)) w1
TH L, e Ty €1 B[ i m Foei b
T A g my e AR Fy e Tewenbez by realize Flyl) =
PN PO FERPUIR { B PR TN 1Y R ) LA E [ 1
ricalize ) e[ 2]
By the definition of the program extraction rule
Eet(T VG = (A gy gy Ay el Byl B O
[proji2p EctiT F e Frivibiprog 4 £ el U F 30 F{r1)])
Hy the definition of realizability interpretation of 3. there cxiss some @ such thal
Wa g oo o e E LR, Fo e b = progi 20 £t & SeF i) = )
W EmFr e bl B, Fooe b s fprog( 3 Ert( T F Ar Firbih realize Fla)))

Hence, by (1) and {2},
WEh e s Toma € 1w oo Enl Bim, Fy 0,0 =
(Ara Fod o L AR Ry 1 E AR Figs LAy E el Flgh B €0
(prag{ 2 FE iU A Fir i ipreg D3 E 0D E Dr Eiribh e s e ey
realize (7))
by Similarly for (a).
o 3

Similarly for 3.

& WF.Ind
o t'ase ¥occurs in < ¥ > 5y, Fq
Let I"be Fy. ooy Foe g, oty be abjoct Froe varablesin UF Yrooorg Flag oo b and assume
EOE Y et e e B S B 2= Pl g )]

C=0 Yoo tnd€ Moo tin @ $n< Fpewndn == Pl ogell B Flag, e ol
(ai v induction hypothesis
CETONE TR SRR SR Py oy N S P
AR Fy el o d Ageg ey, 108 1 g dey Tealize v)
= ([ A by ool A e Fom s LA g LM Db ey
realize Flr, ... r. ) d 1)

Hy the definition of the program extraction rule

Frtil bk vey, o rablr . 1pl)

= {tm, Ary dfem A dp Az, a0 K AF e EXti())
im Ay b Ay L A Zw o b))
Note that we have
tpddzs, . aadAge e ETt(EIMam Ay, i A, AHL A Zw g )L W0
= 0hey, el AR e B an, Ay i Ay T A G Az sy e AR EHCH
(0 VOO OO S Y 1 R YO T 2o 1 O 1 ) OGO F Q- PPt}
Let y.ece Epamry, oo, wy be arbitrary objects that have values, ¢, .., ¢, be arbitrary Program
Terms, and assume 8w, F,,e.). Then, because of the definition of realizability interpretation
for ¥ and (2), it soffices wo show
g ey LA A Pt U Ay e A s E TN
(am, Ay, dodam, Ay AL A i Az e, o ARw ey BTN
(om, Mgy (e A (T A ey ) 0w 1 DB e e ey
realize Flry, .. z.]).

As < s & well-founded order, we prove this by induction an < £, ., 2o >
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+ Base Caze:
Forall < g1, ot 2. < T Ty = S < Froon e > holds, Hence, by realizability interpre-
tations for ¥ and =, for all Program Term e,
flen, Ay ddem A (1 e )0 )) realize »)
Therefore,
A gerpy U DA r A ey im Ay (i, Ay AL AsdpdAza,, xndARw e B0t
fm, Ay eclim, Ay IL A By BT e )] BT Mo ey ey realize v}
hemce, by (1],
LT ™ Fi pod oo d Apred Fentl As, .IT'[-‘)"thnll-E:'[':“
fen Mgyl lam, Ay AL Appmd Az s, an LA e EtiC])
fim, Ay, A fems Ay LA Eay g I D in LD T Jem e ez
realize Filr, ..rall
+ Induction Case:
Axsame
Yoo Tl Spvvna ke > S Fy, .0 Ty 2=
(N TN SO PP P PP Yo e ELEC))
fam, Ay e Ay AT A i Az, o, A AR Brt(])
PP W O WY I | A W TR T 1 T P 0 O ) N TR S TP T T3
realize Fiz. .. za)l]
Then, because of (2]
¥opou el 51 S0 3RO Ty Ly 2
(AR el d Ao,y LBl Az e A Ao EXRICH)
fim, Ay, o lfm. J.yh.:ﬂ. Ay g Vs s e ey renlize Filz, ozal)
Henee,
(R Y- PN S TR
Agp ol Ay L A e Az oy o A h g e B0}
fim, Ay e, Ay ITL AL Z g 100y ) 1 € ez Jey Tealize o)
Hence, by (1.
R TP 0 [ PP WS PO o LV
fom, Ay, e, Ay L A Az e ey A gy Ext(C))
e, Ay Lodem, Ay LA Ty D D ctin ) DN LT S ez
realize Flry, ...
{k} Similarly for [a).
o Cawe ¥ oocars in € ¥ > Iy, e Lo
Similarly for case ¥ oceurs in < ¥ > ry. T
o Mu-1
Let I be wdy oy rp Glay o p Wiy ) be Gilhy by T} £ he T F Thy by The £yl F,
and 5, .0 54 be object free variables in 1 B fb) b, Because of the definition ol I-formula, no
predicate Tree variables occur in J. Hence, by Remark 5.1, it soffices to show (a].
Hy induction hypothesis
WEl, oy 2k Py oy Ein [ R, Fy 0y}
= (A geie, b A g e Eotl ) om ez ey realize J)) L i1
By the definition of the program extraction rule
Exti by uby) = Bzl J)
Let 2. ... 2¢ be arbitrary objects that have values, ey, .. ¢, be arhitrary Program Ternns, and

ssume Rim, F,,e,). If we define
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S = '!{ by, b, }} Afry. v T W) = [Jl-ﬁ.,,f FI.:"!"" -hu‘:“; J.'h].-.Ed'.-ﬂ-”}ﬂnu---if?}El
e = A.I . J‘.[Aﬂ“ FI].[...I:ARHF_ |-£#ﬂi”fm...]¢z}h L-I:I],a.... T“.'ﬁ} = fr'[:!:| f ...,In.!l

then
Aty gl od Amy Foy - B8 T e ez ey = e'ayan i
LESTRRT STIFE J LUV AESPRN SO J VIS SF TIRNE S I8 Ot | P Tty 11

and
¥ry orel < rp a2 08 % (Aley, o, ra, Ze ) realize Liz), 2o, $1))
Livvoon 7 ®) has no predicate ree variable, hence, by Remark 5.1,
Yry.oory € r, .. Fy weS = (Alry. o xa, g Real o Lir, . 5. P))
Henee. by Lennma 51,
A eyl A Ap o - E T8 T e o deg bey pealize TE; 4,0
T i immediane by induction hy pothesis.
s Mu.2
Let f be o lw, oy oo 0lirg, o Wb £ be T F Ihyiin, T he Fi.oo Foo and 2., 2 be
object free variables in 1" & 7bi..b,. Because of the definition of lformula. no predicate free
variables occur in {. Hence, by Remark 5.1 il suffices to show (a).
By mduction by pot kesis
Vopooci et B, Foe, ) =
WA e lod Aps g Es T F Ty a1 e .. Je2 16y realize Thy b ) A1)
By the definition of the program extraction rale
Est{TF Giby.....b. 1)) = ExH(£)
Lot =y e be arbitrary objects, 4. 6 be arbit rary Program Terms, and assome 8ime, Floe, )
and
O TN PO PO S o [ N PO O | P P P
By Lemma & |,

o There exists some set 5 such that < by...by > 5, some wide input  contex
Las, ot ) and some Program Term A(x. ..., £n, 9) and £'5,..7,.. such that
e =t'by b Yy, ..._r,.[fff*]ifj@]ﬁ[i.lh conta B = Clry, g D
ey e = AlFy, T, "))
and
VWag oo dnl< o re 265 2 (A0, o, T, T3 ) Real, [{fe)iirr. e zn B
Clearly by Lemaua 5.1,
Frin dnl € Frovedn > 68 = (e'5; 0, realize Try. 2,0

Hence, by Theorem 5.0,

(Alsy. . rg.c’) realize [§ /][] @]d(Lizy, . 10, )}
Clearly
e=eby b, = Alby. L b, e}
[fe][l ol Lz, o oxn. ®)) = xy, 2y, |
L]

{¢ realize Giry, .., rq, [}
T is immediate by induction hy pothesis.

¢ Bot-Intro,Neg-Introeq 1.og 2.0e
This follows immediately from the definition of the Program Extraction rule and the realizability

interpretation.
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o Hoi-Elim
Let T he Fy.... F, and ry, ., rw beobject free vanables in Tk L Bevanse ol the definition of
I-formula, no predicate free variables occur in L. Hence, by Remark 5.1, it suffices to show (a).
By induction hypothesis
Wy Fmbp. o tal fin, Fooeg) =

T g eyl A A ey s ETHT & LYieg g by rendize 1)) el 1)
Hence, by the definition of realizability interpred ation,

Wry, o Fm. i otnlBin Pl =

A ey b A A g ey BT & Lo e beira))

Nence, it confiicts with Rin, Foo b

Hewve, for all w1 o rwtr oo a. fim, Froec) does not hold, Therefore, for all Frogram Term A,
Vo dmetre el Bl Foeob = AR Fyd e A Ao py oA Do ez Je realize F)
stands. So
LT Y Y L I O O B I N [ PR T ] L LR T ritalize F )

Lot T b Fro Fi w0, e be object free variables in I' F 3e{0 {4, )Gl x ). and
PO F TR Y F STRRIE S R - T D Joy
=0 ¥y, ralHlry, o aa) = ® 0. 0 FY¥rlir)
=0Farid A, o, Hiry, o re) 16(r)) and
FT=pde o oo Wi corn Yan o, o Ya e amal.

-~

My imcluction Joy pod beses
Wl B f e el BLE e ) =
(At A A g EeiTE e {1y & 000 r i bew ez e
Real. 3r{l /& irl} A
LTI USRI ;| S S I
([T O . PR TP TN T (-1 M
(d g, oL A py U A e £t e dea ey Real, Yedfio))  02)
Hyv the definition of the propram extraction rule
Ext(t) = (v, dpaelectia fiz = {prog(2)Ext 32 {1 /d, , JF (=) )10,
prop{3pE et el 4 o (2D,
Epro fl 20 Ay ey Ext{{hen, Ay Lofon, A 1L Ay g oyrn b N
Lot gy, o e e arbitrary objects that have values, £,..., ¢ be arbitrary Program Terms, and
assume Rk, Fioe.l. Then, becanse of the definition of realizability interpretation,
{itm, Az, . {im, JL,,.,I.‘..E..[“p...:,.]...l}
Real, Ve, oooal 8oy, o de] = @ 000,00
Hewce, by the dehmition of realizability interpretation for 3 and ¥, there exists some ¢, such that
1A g By ool A ey £y o 2B E e ez bey = (omy Ay selectinfle = aley, . ]))
Aley Beal, {T/8, WGk A Y e, Real, Gir)) ki3]
Mence it suffices (o show 1.
[0
Clear.
o Iz
By the definition of Real, |,
Let ¢f, ) be the results of replacing Zq, with Program Term ¢ on ey, €., where ¢ zatisfies
Vo< by, by > S(TIC eby b)) then,

taclel ) = man ey, boses|tic{eby . bu)) vl d )

33



el ) = mance,  ag wesificleby by} 8]

holds. Let ef be (Age popd 0 Aneg py o Eot{ €1 ez by amd ¢ he the result of replacing L
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hold, then

LTI T i "POE S TR v ) .
mEn et el Bel Abp by ) < tele" (. e AV

Hence, by
tir{s ) — iir[ii;‘.rnl_h_ e E T TEBL )
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Appendix 2
Consistency of Logic

Proof. Assume Logic p is inconsistent, The
L

is provable. Hence, by Theorem 5.3, there exists some Program Term ¢ that can be
constructed from the proof, such that

(¢ realize 1)
By the definition of realizability interpretation,
e

This creates a contradiction. Therefore, Logic p is consistent. O
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Appendix 3
Proof

This proof is expressed in PDL (Proof Description
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Appendix 4
Program

The syntax of the follow Program Term has been
changed as follows, because of our implemeniation
Crcumslances.
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