ICOT Technical Report: TR-0786

TR-U756

Removing Redundant Critical Polynomials in

Construction of Boolean Grithner Bases

by
Y. Sato. S. Menju & K. Sakai

July, 19492

1992, 1COT

Mita Kokusai Bldg. 21F (03)3436-3191 ~5

" :D | 4-28 Mita 1-Chome Telex ICOT 132964
Minato-ku Tokyo 108 Japan

Institute for New Generation Computer Technology




Removing Redundant Critical Polynomials
in Construction of Boolean Grobner Bases

VOSUKE SATOT SATOSHI MENIUT RO SARKAR
t dnstitute for New Gencralion Computor Teehmology

2HE, M Nokusai Buidding.
=25, Mita 1-Chome. Minato-ku. Tokyo [0X Japan

t fustitute of Diformation Seicaces aod Eloctronies,
Uiiversiy of Tsububa
{-1-1, Tronondai. Tsubaba-5he 305 Japun

Abstract

Detecting redundant S-polvaomials riise efficiency of Buchberger's algorith to
coustruct Geohmer hases as was livat poisted ont in [Huchberger ). e od the
st practical eriteria for it is given in terms of a homogeneans basis ol o nebile
of svevgies, This eriterion is also applicable in suitable formes even when coellicien
domnains are ot fields. We show we can apply this criterion in constraetion of
Hoolean Grihner bases introdinesd o [Sakai 9200 We examine its efliciency with

sonne experimental results of our implementation.

1 Introduction

Cirdbner bases it roduced in [Buchberger 63] are extremely nseful to decide many prrubalerns
of pobvnomial ideals. Tncase a coetlicient domain is not a fiekl. however it is not so simple
to construct or even define then. Thets ave been several resoareles to extend coelficent
domains, One of the most nnportant concept made by thennis weak Corobner bases. They
are characterized in terms of syzvgy bases. When a coelficient domain s a Noetherian ring
with some compntability conditions. they can be constracted by caleulating svavey bases,
although this calenlation is not simple. When the dowain is o principal ideal integral
domain. [Maller 53] presents an simple algorithim to constriet weak Grabner hases nsing
sitnple svzvgy bases which are very similar to Tayler bases. It is also shown how to detect
redundant S-polvnomials by a similar method as [Gebaner 58],

In [Sakai 92] we introduced Boolean Grobner bases to handle ideals in Boolean poly-
nomial rings. i.e. pulynomial rings over Boolean rings. We defined <pecial reductions
which are based on the own properties of Boolean polynomial rings. Using thenn Boolean
Grobner bases are defined and caleulated directly similarly as Buchberger's algorithm,
In this paper. it is turned ont that Boolean Grobner bases coincide with weak Groboer
bases. Hence we can characterize Boolean Grobuer bases in terms of syevgy bases. It is
also shown that we can easily construct syzygy bases in Boolean polynomial rings. Using



them we present a way to detect redundant critical polynomials for calculation of Boolean
(iréshner hases,
In section 2, we first give a short review of Boolean Grobner bases, and present a resull

in [Méller 88] which is used in this paper. In section 3, we describe our mam results. In
section 1. some of our experimental results arc presented.

2 Preliminaries

2.1 DBoolean Griobner bases
A Boolean ring B is a commutative ring with identity such that every element of H s

wlentical, i.e.
2

a®* =a forallee B
It has the following important property:

a+a=10 forallac B

We fix such a Boolean ring and will work on a polynomial ring B[X.. X v, We
express elements of B by lowercase letters a. boc. .. power products by lowercase Greek
lishberg=s ew, 1, Ty 1_|}u-i:-ci|:|_‘-' with .'-i'llffi.‘i}.

et = heean admissible total order on power products, ve. it is a total order with the
following properties:

[ I e = 4othen o = 35 for any power product 7.

2 = 1 for any non-empty power product a.

We fix such an order throughout of the paper. The leading power product of & polynoimial
§amd its coetticient are denoted by Lpp( [) and le{ [) respectively.

The rest part of f is denoted by res(f). The notation aaeh denotes a polvnvimal but
also indicates le{uarh) = a. Ipplacch) = o and res(aosh) = ho A polvnomial [ is called
arule if Iel Nires( f) = res( f).

For a rule [ = aavh. we define a reduction —; on polynomials. It reduces a pulynonual
heovs 4 ¢ such that ab # 0 as follows:

hovy +g —¢ (1 +a)boy + b h + 4.

For a set F of rules. a polynuinial A is said to be reduced to A" by F (denoted h —+p 1)
il b —; K for some [ € F. The transitive reflexive closure of —+p is denoted by = 5. For
any finite set P of polynomials, the reduction —p has a termination property, 1.e. there
is no nfinite reduction sequence of polynomials fo —5 fi —¢ fi--

We abuse the notation f |5 to denote one of irreducible forms of a polvuomial [ by —p,
ie. [ =5 flrand f g is not reducible by —p.

Let T be an ideal in B|X,, X4, ....X,). A Boolean Grobner basis of { is a finite
set (7 of rules such that

L~



. & generates [

2. g+g¢' € 1 if and only if there is a polynomial A such that g v hoand g = h.
In particular, g € I il and only if g S 0.

For a pair of rules [ and g. their critical polynomial{denoted cp(f. ¢)) is the following
polynomial:

lppl [)

Ipply) .
LA D Gt o)™

le .
) D). Tpple))

where GCDUppl ). lpplg)) denotes the greatest common divisor of tppl [) and [ppig).
For a polynomial h. self critical pelynomial(denoted scp(h}) is the following polyvno-
rial:

(1 + leth))h.

Boolean (Grobner bases are characterized as [ollows.

Theorem 2.1.1 A finite set (4 of rales is a Boolean Grobner basis if and ooly if
eplfog) T 0 for each pair of rules g € (7 such that GO ppl ) A ppla)) # 1.

We give an algorithin to construet Boolean Grobuer bases,

Let B bea hinite set of polvnomials,
input £ «—— . —
while I £ @
choose i £ 1
if =10
then
bEoe— L= {h}
clse let [ = F [g and
Eooo (E = {sepl fyu fepllel f)f ) g € BGEDUppt 1) Apply)) # [}
RBoe— RU{lc(f)f)
end-if
end-while
output K
i is a Boolean Grobner hasis of the ideal generated by F.

2.2 Weak Grobner bases

In this section we present a result in [M{allﬂ' SH], which holds Tor a pul_':.'m}ll'lia] ring over
any commulative ring with identity,

Let [ be an ideal in B{X,...... X,]. A finite set ¢ C I of polynomials is called a weak

Grébner basis of I if the set of heard monomials of . i.e. the set {le(gipp(g)|y € G},
generates the ideal which is generated by the whole set of head monomials of I, Le. the

set {le(h)lpplh)| h € 1}.



Let M = (ay0y.0305. ..., a, @, ) be a tuple of monomials. The tuple (hy, e ..o k) of
polynomials such that 3272, a0k = 01s called a syzygy of M. Asvevey (b by b
of M is called homogeneous if h; is a monomial for each 1+ and Ipplhy)ay = lpplhy o, =
<o+ = Ipp{hy )am. The set of all syzygies of M clearly forms a module, which is denoted
by Sas.

If a polynomial [ has the following representation:

such that Ipp( f) = max!_, (pplg.)lppt fi).
It is called a weak Grobner representation of [ in terms of f..... 1.

Theorem 2.2.1 Let [ be an ideal generated by a set &0 = {gi... .. gu f of polyno-
mials. Let L be an arbitrary homogeneons basis of the module of svzyvgies Sy, where M
is the set of head monomials of @7 e M = {{elg Mpplay)... .. lelg, Mpplg.) ).

Then the following conditions are equivalent:

{(‘| | ¢ is a weak Grobuer basis ol I

(C2) For each element (hy.... 60 & Lo 50 beg las a weak Grobner representalion

i terms of O,

3 Main results

3.1 Characterization of Boolean Grobner bases

In this section. we show that Boolean Grobuer bases are characterized in terms of svayvgy
brases,

We first show Boolean Grobner bases coincide with weak Grobner hases,

Theorem 3.1.1  Let €7 be a finite set of vules and 1 be the deal generated by G then
(; ix a Boolean Girobner basis of 1 if and only if €735 a weak Grobner basis of 1.

proof:  Suppose (¢ is a Boolean Groboer basis anil I he the ideal generated by (5 Let
(f = {ayomef..... dp iy & L} Let aae [ be a polynomial in . Then, aoe [ e (F by
the definition of a Boolean Grobner basis. Henece, an must be reducible by some rule
a;0,0 f,. Therefore o = a4 for some power product 5. I (1 + @ )a = 0. Le. a = aa,, then
an = aja,a;. (14 a;)a # 0. then an = aja0; + (1 + a,)ao.
Since aaef —, .o, (1 +a)aae(ay [+ f). (1 +a)eoe(ay fi + fi€ 1. Hence, (1 4 a;)an is
again reducible by some rule ;o 2 f,. Repeating the same process, we have (1 4az)--<(1+
a, {1 + a;)a = 0 at some stage since aow f i 0. Then. we can represent aa as a linear
combination of a,a;.a,0,..... .
For the converse. suppose (i = {ayaye fi....ap0u e [} is not a Boolean Grobner
basis. Let I be the ideal generated by (7. Then. there is a polynomial f € I irreducible

i



by (7. Note that lef fla, = 0 whenever fppi ) 2 o

If lel lppl f) = £n, b, for some polynomials by by ..o by . Then, there must be
some i such that fpp( f) 2 a,. Hence. le(f)a, = 0. Multiplying le( [} [rom both sides
of the above cquation. we can excinde a,0,. Repeating the same process. we will get
le{ f Wppl f) = 0 to reach coniradiction. m]

Lemma 3.1.2  Let F be a finite set of rules. For each polynomial g.if ¢ =5 0. then g
has a weak Grobuer representation in terms of /7.

proof:  Suppose a polvnomial g is reduced to ¢' by a rule ane f. Then g = boy + h
for some power product 5. polynomial f and an elewment b of B such that ab # 0. and
¢ = (14 a)bay 4 b f +h Hence, g = (aae )i + g
If lpplg) = a7, then Ipplg) = Ipplaas [ppthy ) and Ipplg) = lppty').

Il Ipply) > wy. then Ipplg) = Ipply'). Now g —p Uimplies there s a sequence of rules
fivooodi € Fosuch that g =g g0 =, gi-- —y 0. Applying the above procedure for
each step. we can get a weak Grobner representation of i terms of £ &

Theorem 3.1.3 Let (7 — {ay..... ot e fimite set of rules and L be a homogeneous
basis of the module of svrvpios Sy where Mois the set of head wonomials of (¢, Then ¢/
15 s Boolean Grobmer basis iFand only 0527 By, = O for each element (hy .o b, e .

proof:  Since 57 hog s i the wdeal generated by €0 monly 7 part s trivial,
Suppose 0 g S U for cach element (b b e Lo Thens 3002, hig: has a weak
Crobner representation in terins of (0 by Lenima 3.1.20 Henee, (705 a weak Grobner basis
of the ideal generated by €0 by Theorem 220, Therefore (7 is o Boolean Grobner basis
b Theorem 311 0

3.2 Detecting redundant critical polynomials

-

Let M be a tuple of mononiials (ayay. oy, ). Foreach <0< ) < b S, lel
a, = LOMn o)) and a,, = LOM{o, a0 080,

where LOM denotes the least common multiple,

For cach | <7 < 4 < 1. et

TN TP

(' == " |
i i

amed {5 = {1+ a,).

where & is a unit vector such that the i-th component is 1.

Theorem 3.2.1 The sets L = {(|1 < i < j < mpu{C]l <4 < m} forms a
homogeneous basis of Syy.

proof:  Clearly (', and (7, are homogeneous syzygies of M.
Since a set of all homogeneous syzygies of M forins a basis of Sy, it suffices to show
that every homogeneous syzygy of M can be represented as a linear combination of L.
Let (Byidy, .- b, 3., ) be a homogeneous svevgy of M. Then, byay + -+~ + bya,, =0 and

B



ey = o0 = Ao (call this 5.
Note fiest that b.d6) = ba, 3,6 + b1 + a,;)3,¢, = ba, 5, + b,3,(; for cach 1.
Henee, (B 4,..... By A )

= “"'I "I'-j'l ----- b.lrlﬂm "f'r.'l } + E:tl ﬁr"jiril
- [{hlﬂl + -+ b.” LU '#] ! hj“‘.ﬂf-;'.i- e 'bruﬂm _Ju.]' + Ir--"'4!‘-"l'{."-'i‘IE"I + -+ bl‘llﬂrl'l I.--"I"-_.II + E:';l bi '.jr.{"l.
- rﬂ~ b’.’"j'i_‘ 1111 b.lrlﬂl?l '1m] + b.!ﬂ-!"j'l F'I R EIP:I.-”h'l '--‘rlf-‘] + E:N=| 'I."J'jI(I'I

=0, by ity + byay doe by, a4 by 30 )+ b A6+ ey 40+ 2 b3
=0, bpleay + oy ) 9,0 b eng, 4 oy 13, b+ 30 bla s fo ey +ag(s/e)d ) + 20 6340,
N U T (TR I T WO FTA ST I T S S L G S E e T LNTIE S B B

Hence, (U bylay + a0 35 by la,, + a1, ) 15 alse a homogeneouns svzvey of M. There-
fore we can apply the same procedure. Repeating this. we will finally be able to express
Py Ay o b, A0 as a linear combination of L. o

Lemma 3.2.2 If ny C o,, and a0, = au,. then (7, can be represented as a lin-
ear combination of € ' O and (7.

proofl:  We first note the following equation which is easily checked by a simple caleu-

Lt 1o,
T T

(p =0

s i,
2 -I“,_I. +r1|ifllk+ i,

0 !

iy
{1

e o oo imphes o = a0 e 0 1 written as a hinear combination of O g and €7
Note that (1 4o )07, =00 Fagha dog, /oo + 010+ ay ]ﬂ,fnl._l.lllrn..]r‘_,,

Soee aga g doagia, = 1,

i+ g o= o gl = 0 At o, ol = T ji | =+ ).

Hilil“i‘lli_‘l' (0 wg g, =01 4wy Ju | + ﬂj]-.

Thevelore {1 + o, i o= b+ aga 00 Faie fo bl + 00+ e+ ﬂd.}[n.),fﬂ_, If_: =
PV o da e fo b0+ (1 + iy ]lrr,[nrh.l.l."ﬂulr M. Hence we can represent (7, as a linear com-

Biation of €7 07 07 and 7). td
This lemma is peneralized as follows,

Corollary 3.2.3 Il o, C o, for each & = |..... Pand (e, Vo, - Voo, lae, =
o, then ) can be represented as a hinear combination of ¢, €, ... (%, and
O 0, anek 05,07

Where the svinhol v denotes the sim of Boolean algebra. Le. « Vb= a + b+ ab for each

clement o, b & £,

proof:  We can show that each of a, (", ... a,, Cand (14 a,, Vag, Vo Va0,
is represented as a linear combination of O, O ... Cpand O 00 (), and
(' 0 silarly as in the proof of the lemma. Note that we can express a,, Va,, V- Va,,
as by, + b, + -+ by, by some elements by by, .. b of B Hence, (5, = (1 +a,, V
o, Vo Vo, W b O 4 4 Bbya, O O

Using this ('orollary. we can improve the algorithm by removing redundant critical poly-

notnials as follows.

]
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Let £ he a linite set of polynomials.
input £« F.ll «— ¥
while E £ @
choose € K
if b lw= 0
then
B k= {h}
else let | = b [y and
e (E — (b {sept 1} U {eplie(f) f-a)| ¢ € B.~Red(f.g. H1}
e Bt 1}
end-if
end-while
output K
17 ix a Boolean Grobner basis of the ideal generated by P

A eriterion o detect redundant eritical polynomials is given by Red{ f.g. B). which holds
il GODUppd f1 0 ppla)) = 1 or there are pules by by € R distinet from de(f)f and g
el eat (et d v v Tel i Wel filelg) = el filelg) and Tpplh ) S LOM(Lppl [). Ippla))

for cachh o= 1..... f.

4 Experimental data

We give some experimental data from our implementation[Sato 91] 10 examine effective:
ness of onr coiterion 1o detect redundant entical polynomials,

The following equations express a constraint over sets.

s1/\ “{ail,aB}/\(({a5,a6}/\S2)\/(S3/\54))=(S5/\S6)\/(S2/\S4/\ST)\/58
34/\55/\{a3,a4,aT}=0

s5/\s8/\ ~{a5,a%}=0

s2/\ “{a10}=54\/58

s2/\ “{a11}=57\/510\/59

sa/\s9/\ “{al,a2}=0

53/\s510/\ ~{ali,al2}=0

511/Y “{al13}=S12\/57

s7/\s12/\ “{al,ald}=0

{ag}/\36={ad}

{a1}/\512={al}

s1\/S10\/{al,a2}=((S11\/(513/\ ~{al,a10}))/\{a2,a4})\/510
((51\/S2\/511) /\{al,a2})\/s6=510\/S12\/(ST/\ ~{a3})\/52
g9\/83\/55\/{ady=51\/({a1,a2}/\(53\/510\/{a3,a4,27}))

The symbols a1,a2,a3,... are constant symbols of elements. The symbols §1,852,83,. ..
are variables, and their domain is a family of all the finite or co-finite subsets of {al,a2,a3,
.}, The symbols /\. \/ and ~ are intersection, union and complement respectively, The
symbol 0 denotes an ciaply set.

=



The set of all finite or co-finite subsets of {a1,a2,a3,. . .} forms a Boolean algebraicall B).
Hence. each equation is translated to an equation of a polynomial ring B[S1,82,83,...].
We implemented a solver which calculate Boolean Grobner bases in this polynomial ring.

In the following table, we give some data of the calculations of Boolean Grobner bases.
Fach constraint #1 - #7 is given as a conjunction of equations similarly as the above
example. The numbers in each column are the number of elements, variables, actually
created eritical polynomials. removed eritical polvnomials by our criterion and created
self eritical polvnomials.

#1 #2 #3 " #5 #6 #7
elements ! 6 ] 14 18 23 T
variables 13 13 iz 13 13 13 17
created cp's 1058 1182 1234 BBE 1006 1021 6027
removed cp's 1272 1371 1821 1165 1332 1400 18532
created sp's 163 207 195 181 198 207 460
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