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Abstract

A number of logical systems and theories have been implemented using a general-
purpose reasoning assistant system EUODHILOS, These systems range from clas-
sical logic to non-classical logic and have been used or devised in computer science,
artificial intelligence and other related fields. This document records how each of
these systems has heen treated. Tt helps readers to understand hoth the potential
and actual usefulness of EUODHILOS in a much wider range of applications. Tt also
serves as a guide to specifying logics and constructing proofs using EUODHILOS.
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1 Introduction

EUODHILOS is a general-purpose reasoning assistant system that allows users to interactively
define the language and derivation rules of a logical system relevant for a universe of discourse
under consideration, and to construct proofs in the defined system [Sawamura 90, Minami 90,
Sawamura 91a). This acronym is constructed by using the first letters of the phrase, Every
Universe Of Discourse Has Jts LOgical Structure [Langer 25]. Nowadays, the methods of math-
ematical logic provide a paradigmn in computer science and artificial intellizence. Mathematical
methods of the kind studied in logic are extensively used and applied to a broad class of ques-
tions of a logical nature.

To develop such a general-purpose reasoning assistant system, we decided there arc three im-
portant components: an expressive logical system description language, a powerful and flexible
proof coustruction facility, and a visnal reasoning-oriented human-computer interface.

The logical system description language is needed to specify the user's logic which consists
of a langnage system for symbols, terms, formulas, etc. and a derivation system for axioms,
inference rules, etc. Well-known definite clause grammar formalism is employed for specifying
the syntax of logical expressions. Once defined, a parser and an unparser for the language
are automatically gencrated as well as the internal structures of expressions in the defined
syntax. This greatly lightens a user’s burden in setting up one's own langnage {Ohashi 90].
The derivation system consists of axioms, inference rules, and rewriting rules. An inference
rule is specified in a natural deduction style [Prawitz 65] with three items: the derivations of
the premises of the rule, the conclusion of the rule, and the restrictions that are imposed on
the derivations of the premises and the conclusion, such as variable occurrence condition and
substitutability. A rewriting rule is pecified with a pair of forms before and after rewriting.
Well-known styles of logic presentation such as Hilbert's, Gentzen’s, or Equational could be
treated within this framework.

The major drawback of reasoning in formal logic 1s that derivations tend to be lengthy
and tedious because of the detailed level required in reasoning. In addition, performing formal
derivations is time consuming and error prone. Using computers for formal reasoning is expected
Lo uvercome these problems. EUODHILOS has various facilities which support the natural and
efficient constructions of proofs in a defined logical system, that is, sheet of thought, proving
methodology and tree-form proof. A sheet of thought is a field of thought where we are
allowed to compose a proof from its fragments, to separate a proof, or to reason using lemmas.
EUODHILOS supports various proving methods based on several sheets of thought, that is,
forward reasoning, backward reasoning, reasoning with their mixiure, and schematic proof.
The proofs are visualized in a trec-form with justifications indicated in the right margin.

To make the system user-friendly and easy to use, we have put a lot of effort into designing
the user interface. EUODHILOS includes a formula editor, software keyboard, stationery for
reasoning, and other features for easc of use.

A number of logical systems and theories have been implemented using EUODHILOS.



These systems range from classical logic to non-classical logic and have been used or devised
in computer science, artificial intelligence and other related fields. This document records how
each of these systems has been treated. The purpose of this paper, then, 1s twofald:

(1) helping readers to understand both the potential and actnal nsefulness of EUODHILOS
in a much wider range of applications, and

(2) serving as a guide to specifying logic and constructing proofs using EUODHILOS as
well as a supplement of a users manual of EUODHILOS [Minami 91}.

In what follows, we list a language system, derivation system and some proof examples with

screen layout, for each logical system.



2 First-order logic (NK)

The first logic we take up is, of course, first-order logic. The axiom system is a well-known
natural deduction NK [Prawitz 65] which was formalized by Gentzen in 1935.

2.1 Language system of first-order logic
Object language

formula --» formula,”=", formulal;
formula --> formulal;

formulal --» formulal, "2, formula2;
formulal ==> formula2;

formula2 -==>» formula2, “v*, formulad;
formula2 --> formulad;

formula3d --> formula3, "A", formula4;
formula3 -->» formulad;

formulad4 --> *(", formula, *)";
formulad --> "~ formula4;

formulad ==> hind_op, variable, formula4;
formulad =->» basic_formula;

basic formula ==> " L"

basic formula =-> predicate_symboll,"(" term, ")" ;

basic_formula =-> predicate_symbol2," (" term, "," term," )" ;
basic_formula --> predicate_symbol3,"(" term, "," term,"," term," )" ;

term =-> constant;
term --> variable;

predicate symboll --> "Av|"B|"C";
predicate symbol2 —-> "H"|"0O";
predicate symbaold --> "Dv|"H";
Cﬂnﬂtaﬂt -3 ".E“ lIb!IIllaﬂll!Clllllmll "E";
va.ria.bl-&: _——y ||xl1[||:r.|||uzu II“|II|IIuli|I-lv|r;
bi“d—ﬂp 3 u'lﬂl'ulnEn;

Meta language

Tneta.fﬂl‘mul& P S I1P|l|IIQH|“‘RII|I|SI!|IIT1I;
meta_term --> “STe XY v EY metaterm, ' /Y meta_term;

Interface between object and meta languages

term --¥ meta_term;

basicformula --> metaformula;
constant --» meta_term;

variable ==> meta_term;

predicate symboll --> meta formula.



Operator definition
operator
",I'["i I:“H“-.' blﬂd.ﬂp]1 uﬂu; "V"; Iu:-}u.r "E";
predicate
predicate_symboll, predicate_symbol2, predicate_symbol3.
2.2 Derivation system of first-order logic

Inference rules (NK)

(~1 2y (~EpAEA [~B] SRR
ESb vy [nEL) 2442 (nEz] ARB
4] (B

[vIl] A:jﬁ‘ [vIZ] A{fﬂ [VE]AVBCG ¢

4]
(21] 755 (oE] A ADB

Ala YzA
{WI] "l:r'z.fl{::lrj a-eigenvariable (VE] A{g{;}

(A(a)

(31 H:JE?L) [TE] %‘G a:eigenvariable

2.3 Unsolvability proof of the halting problem

Here we attempt to prove the unsolvability of the halting problem which can be conducted en-
tirely within the resources of standard first-order predicate logic specified above [Burkholder 87].
The following symbolization is used in stating the problem in the natural deduction setting:

A(zx) : z is an algorithm.

C(z) : z is a computer program in some programming language.
D(z,y,2) : x is able to decide whether y halts given input z.
H(z,y) : = halts given input y.
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Figure 1: An unsolvability proof of the halting problem

H(x,y,z): = halts given as inputs y and 2.
Oz, g) : = outputs “g” (meaning “it halts™).
(M, b) : z outputs “b” (meaning “it does not halt”).

Then Figure 1 displays the proof of the following theorem:
b oSz Al )&y (Cly) D V2D(z,y,2)))

(no algorithm to solve the halting problem exists )
under the premises:

L Az(A(x)&Vy(Cly) D V=Diz,y,2))) 2 Fw(C{w)&Vy(C{y) D ¥V D(w,y, z)))
(Church's thesis)

2. Va(C(w)&¥y(Cly) D V=D, 2)) > Vo¥=((C(u)&e H{y, z) D H(w,y, 2)&O(w,g))
&(Cly)& ~H(y,z) D H{w,y, 2)&0(w, b))}

3. Jw(Cw)&NVy((Cly)&H (y,¥) D H{w,y,y)&0(w, g))&(C(y)& ~H(y,y) D
H{w,u,5)&0(w,8)))} D Jo(C(v)&NVy((Cly)eH (y,v) D H{v,y)&O0(v, g))&
(Cly)& ~H(y,y) D H(v,y)&O0(v, b))

1. Ju(C()&¥y((Cly)&H (v,3) D H(v,1)&0 (v, ))&(C(y)& ~H(y,¥) D H(v,3)&0(v,8))
> 3u(C(u)&Vy((C(y)& T (v, v) D~H(u,y))&(C¥)& ~H(y,y) D H(u,y)&O0(u,b)))

=]



3 Constructive Type Theory

This system is due to Martin-L6f [Martin-Lof 84]. Originally each type is defined by the

following four rules.

1. Formation Rule
This rule says that we can form a certain type from certain other types or

families of types.
2. Introduction Rule
This rule says what are the canonical elements of the type.

3. Elimination Rule
This rule shows how we may define functions on the type defined by introduc-

tion rules.
4. Equality Rule

This rule shows how a function defined by means of elimination rules operates
on the canonical elements of the type which are generated by the introduction
Ira !'E‘S.

However, the formation rules show how the type is constructed. So we can replace these
rules with the syntax definition on EUODHILOS. The equality rules show how the elements
of the type are transformed. Hence we can replace them with the rewriting rules. We define
other introduction and elimination rules as ordinary inference rules.

Martin-Laf introduced so many types, here we define only the following types.

1. Cartesian Product: (Tlz € A)B(x)
This type corresponds to a proposition (Vz € A)B(z). When B(z) does not depend on
z, this type means a type of A — B and corresponds to a proposition A O B.

2. Disjoint Union of a Family of Types: (Ez € A)B(z)
This type corresponds to a proposition (32 € A)B(z). When B(z) does not depend on
xz, this type means a type of A x B and corresponds to a proposition A A B.

3. Disjoint Union of Two Types: A+ B
This type corresponds to a proposition AV B.

4, Type of Integers: N
This type corresponds to a proposition N(z) which means = is an integer.
3.1 Language system of constructive type theory
Object language
judgment --> term,epsilon,type;
judgment --> exp,epsilon,type;

judgment --> type,equal type;
judgment --> meta_judgment;



judgment -=> meta_judgment," (" type," )"
judgment ==> meta_judgment,"{" term," )";

exp ==> term,equal.term;
epsilon —-=> "€";

variable -=> meta_variable;

pure_term --> bind_op,variable,"." pure_term;
pure_term --2 pure_terml;

pure_terml --> pure.terml ,plus,pure_term?2;
pure_terml ==2 pure_teriml;

pure_term2 -=-> pure_term?2 .multiply,pure_term3;
pure_term2 --> pure term3;

pure_term3 --> un pure_term,")";

pure_term3 --* basic_term;

basicterm -=> *0";

basic_term ==> variable;

basic_term --» meta_term;

basic_term --> unary_op,"(" term," )"

basic_term --> binary_op,"(",term," " term," )";
basic_term --> tcrnar}‘_np_,“l:"J,e-.rm,"',“,te[m,“,“,t.erm,"}";

PI.U.S -3 ||_|__l|_.I

multiply ==> """,

unary_op -=> ngn"|"car”|["cdr”|"inl"|"inr" |meta_term;
binary_op --» "app"|"cons"|"E"|meta_term;
ternary_op --> "D"|"R"|metaterm;

bind_op --» "A";

term ==-» pure_term;
term —-» pure_term," /", pure_term;

pure_type —-» pure_type,imply,pure_typel;

pure_type --» puretypel;

pure_typel --=> purc.iypel or,pure. type2;

pure.typel -~> pure type;

pure_type2 =-> pure_type2,and,pure_typed;

pure_type2 ==> puretyped;

pure_type3 -->» not,pure typed;

pure_typed --> (" pure_type3,")";

pure_typed --> "(" ,t}rpc_hind.npjva,ria.blc,”e“,pure_type,“]",puru.typ::.'lg
pure_typed --» basic_type;

basic_type —=> “L"|"N";

basic_type --> meta type;

basic_type --> meta_lype,"(" term,"}";

basic_type ==> meta_type," (", term, ", " term,")";
basic_type —=> meta type,"(" term,"," term,"," term," }";

type —-» purc_type;



type --> pure_type," /" pure_type;

equal --» "=";

imply --> "2,

or ==» "w";

and --> "A";

not --» "~
type_bind_op --> "V"{"3";

Meta language

mcta_t}'pc — "."1:."-"{:"|"P“I"qn|"3“-”?«";

meta_term --» “ﬂ.”'“h"I"F"-"t"l”f‘l“I“FE“ ||53||!||t1||||l-t-2|.||“t31r;
mﬂta_\'ﬂ.]‘iablﬂ —_ lluil_ilzlrlIru1lllinuzlliuu_'Elr!lﬂvlu ""2“!"?3"1"“’]."|I'W2.I|IIW3".'I
meta_judgment -=> "J|"J10["J2"|"J3",

Operator definition
operator
multiply; plus; "/"; bind_op; not; type_bind_op; and; or; imply;
equal; epsilon;

predicate
unary.op, binary.op, ternary_op, meta_term, meta_type, meta_judgment.

3.2 Derivation system of constructive type theory

Azioms
A=A (=ref(type))

0eN (NI)

=ref (type) is originally an inference rule with an assumption that A is a type,
like 5242

A=A
A as meta_type and A is implicitly identified as a type. Hence we can define this

. However in this case, we do not need this assumption since we define

as an axiom.
Though Martin-La{ define (NI) as an introduction rule of N, we define this as an

axiom since it has no assumption.

Inference RHules

a=be A

aCA (= ref(term)) $— =7 (= sym(term))

a=atc A

a=bC A b=cc A4
a=ce A

(= tra(term))

10



o

A=B (_ gm(rype) AZE_TEA (= vraltype)

1l |
|

a=be A J(bfa) (

A=B J(B/A)
J(a)

A ubst{type))

subst(tern))

a€A beB Y c€EANDE [0y c€AAB (0o
cons(a,b) € ANB (A1) car{c) £ A (AE1) cdric) € B (AE2Z)

be B
)

ae A
VT —_——
VIt) TS eAvE

inlla) € AV B (Vi2)
la€ A (b€ B]

ce AVE dafz)€ Cl-[inl[n}fc] e(bfy) € [’?:l:inr[b],.-’c} (VE)
D(e, Az.d{z), Ay-e(y}) € Cle)

[z € A

_M_ (
Az.flz)e AD DB

feAD B EEA{_ )

> app(f,a) € B

[v € Al

mwﬂéswmu V1) cewxemﬂm}aea{}
Az.b(z) € (V2 € A)B(z) app(c,a) € Bla/z)

[cons(a,b) € AN B(a/z))

a€ A he Blafz)

ce (Jz € A)B(z) dlajz,bfy) € él{cnnsl{a,b]fc] (3€)
cons(a,b) € (3z € A)B(z)

E(e, Az.Ay.d(z,y)) € Cle)

(41)

[cons(a,b) {-': N A Claje)]

tEN ceN deC(0fe) elafz,bfy) éﬂ'(an{u]fd
sn(t)EN (NT) R{e, d, Az.Ay.e(z,y)) € Cle) (NE)

The original rule of (3E) has the [ollowing form:
lae A, b D{afz)

ce (3r € A)B()_die/zby) € Cleons(@b)/e) 4o
E(c, Az.hy.d(x,y) € C(e))

However, because of the restriction that we must put only one discharged assump-
tion on a premise, we define the rule (JE) as above. Similarly for (NE).

11



Rewriting Rules

app(Az.a(z),b)
a(b/z)

cons(car(t), cdr(t))

{beta] :

(cons)

car{::ois[s,i}] (cons-car) cdrl{ca?s{s, t)) (cons-cdr)

D(inl(a), Az.d(z), Ay.e(y))
d(a/z)

E(cons(a,b), Az Ay.d(z,y)) ()
dia/z,bfy)

D{inr(b), Az.d(z), Ay.e
e(b/y)

{Di]l (y}) {UE}

R(0,d, Az. Ay.e(x,
d

_H![snl[a] vd, Az Ay.e{z,y))

y))
(R1) e(a/z,R(a, d, Az. Ay.e(z,¥))/v)

(R2)

a*h
(+def)  Fh 0 Az Ay 1 a) CoeT)

3.3 Proof examples

Figure 2 shows three proofs of the following simple theorems and derived rule:
1. (Vz e A} B(z) 2 Cz)) 2 ((Vaz € A)B(z) D (Vz € A)C(z)) is truc.
2. (3z € A)B{z) A(3z € A)C(z) D (Jx € A)(B(z) A C(z)) is true.
3. lfae Nandbhe N thena+be N.

Figure 3 shows the screen layout of the proof of “~~ (AV ~A) is true” and the related
inference and rewriting rules.

Figure 4 shows the axiom of choice 15 true:
(Vz € A)(Sy € B(z))C(z,y) O (3y & (Vz € A)B(x))(Vz € A)C(z, app(y, 2))

has a proof. In this case, (Vz € A)B(z) is cquivalent to (ITz € A)B(z) as a type.
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4 Hoare logic

Hoare logic [Hoare 68] is the most well known logic for the axiomatic semantics of a program-
ming language and the verification of a program. The principal formula in Hoare logic is a
form of P{S}Q, reads “if P holds, then after executing the program S, Q holds”, where I* and
Q are first-order formulas and 515 a program in an ALGOL-like programming language. These
syntactic objects are easily described in the framework of DCG. The inference rules of Hoare

logic can be described in a Hilbert-styie presentation.

4.1 Language system of Hoare logic

Syntar of object language

h-formula --> formula, *{", program, "}", formula ;
formula --» formula, " 2", formulal ;
formula --» formulal ;

formulal --» formulal, "v", formulaZ;
formulal --» formula2 ;

formula2 --» formula2, *A", formula3 ;
formmia2 --> formulad ;

formulad --> (", formula, ")" ;

formulad =-> "~", formula3 ;

formula3d --> basic_formula;

basic_formula ==-» "true" | term, "=", term ,

term --> variable | constant | *(",term,")" | term, "+", term |
term, "*", term | term, "!";

variable ==> "x" | "y" "

constant ==> "1% | 0" ;

progratn --> program, ";", programl;

program --> programl,;

programl --> assigninent statement |
*while", formula, "do", program, "od" |
wifr, formmla, "then", program, "else”, program, v
“(“r prl}graM,"}"L

assignment _statement --> variable, ":=", term ;

Syntaxr of meta language

meta_program --> A" | "BY;

meta var ==> "X" | "Y" | meta_var, "' /", term;
meta_term -=> "T" ;

metaformula =-» "P* | "E* | "F" "G
basicformula -=» meta_var;

term ——-»* meta_ter;

variable --» meta_var;

program -->» meta_program;

programl ==> meta_program.
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Operator definition

operator
. n+n; i : """""i ".""v."; ""v""; “:}“1' .= ; tprhile! ; nife ; 'Il{lr_

4.2 Derivation system of Hoare logic
Aziom

P(TYX := T}P(X/T) (Assigument axiom)
Reuwriting rule

z=1y!
x(y+1)=(y+1)

(Arithmetic rule)

Inference rules

ESF F{A}G
E{AYG

(Consequence rule 1)

E{A})F FSG
E{AIG (Consequence rule 2]

- ﬁfq,;{,f}g (Composition rule)

EnF{A}: FEn~F{B}G Conditi | rul
E{if F then Aclsc B fi)G \Conditional rule)

FAG{A}F N 1
F{while G do A od}FA ~G (Repetition rule)

4.3 Partial correctness proof of a program

Figure 5 shows the screen layout of the proof of the following partial correciness assertion of a
factorial program:

true{z = 1;y = O;while ~(y=z)doy:=y+ liz:=z+y od}z = 1!

with the precondition “frue” and postcondition “z = z!".
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5 Dynamic logic

Dynamic logic [Harel 84] is a kind of multi-modal logic which is an extension of classical logic.
The principal formulas in dynamic logic are the dynamic formulas of the form [a]p and the dual
{a)p, read informally “after executing the program a the proposition p holds”, where “a” is a
regular or context-free program and “p” is a first-order or dynamic formula. They can be easily
dealt with in the framework of DCG. The inference rules of dynamic logic can be described in
a Hilbert-style presentation.

5.1 Language system of dynamic logic
Syntaz of object language

dynamic_formula ==> "{", regular_program, "}", formula3 ;
dynamicformula -=> "[", regular_program, "]", formula3 ;

formula --» formula, "=", formula0 :
formula --» formula0 ;

formulal =-> formula0l, "o", formulal :
formulal --> formulal ;

formulal -=> formulal, "v", formula2;
formulal --> formula2 ;

formula2 —-» fermula2, "A", formula3 ;
formula2 --» formulal ;

formulad --> (", formula, ") ;
formulad --> "~" {formula3 ;
formulad --» dynamicformula ;
formulad --» "true" ;

formula3 --» term, "=", term ;
formula3d —-> term, ">", term ;
formulad --> term, ">", term ;

term --> variable | constant ;

term --> term, "+", term | term, " —", term | term, " x", term | term, "!* |
“(", term, ")" | term, "/, term ;

Va.riﬂ.b;ﬂ __'_-> I.lel | ||}..|| ||z|| I 1|.n|| ;

constant —--»> "1" ] o

regular_program -->» regular_program, ";", regular_programl ;
regular_program --» regular_program,”|", regular_programi;
regular._program --> regular_programl ;

regular programl --» regular_program2, "s";
regular_programl --» regular_program?2 ;

regular_program? -->» assignment_statement ;
regular_program? =-» formula, "7";

regular_program2 --> "(", regular_program, ")" ;
assignment_statement -=> variable, ":=", term ;

18



Syntazr of meta language

regular_program2 --» meta_program ;

formula3 --> meta_formula, "(", meta formula, "}" ;
formula3 --» meta_formula ;

term -=> meta_terin |

variable -=> meta_variable ;

meta_term --> meta_variable ;

meta_program -=> "A" | s

meta_variable ==> "X" ;

meta_formula —=> “P* | *Q" | "R | "S".

Operator definition

operator
"JJI"; ||!||; ")("; {"+“l |r_11]; {u{ﬂ’ “[“}i [umu1 |r}u’ ||2|r’ 1I=1r}; ".l"'k”i ""I-"'"; ||:l|r;
HEH; (n?u’ ”‘.="]; “*"; li";”‘_. u1u}_;

predicate
meta_formula.

5.2 Derivation system of dynamic logic

Arioms

1. [QNP =(Q D P) (test)

C[X =TIP(X) = P(T/X) (assignment axiom)

. [A; BIP = [Al{B|P (composition)

. (A;B)P = (A){B)P (composition)

. [A|B]F = ([A]P A|B]P) (nondeterministic selection)

3

o Lo

Theorems

1. {(z = 0)M)true = {(zr=0D2 fruc)
2. n>0Az=n+12{z>0)"){z=n+1)

ol

m=1;+1:}{::=mxz}(z=n+1]
.z=n+1D2{z:==x 1)(z =n)
Crxzl=nlAz>0D[z=zxz)(zx(z—1)=mnl)

4
5
6. zx(z— 1) =n!D[z=z~1j(zxz! =nl)
T.z=n2z:=1](z x 2! =n!)

8

cexz'=n! D[z =0)7z=nl)
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Rewriting rules

[4]P

% (neg-elim)

%}J (double-neg-elim)

n>2lAr= . )
ﬁ’}_ (arithmetic)

frue A P
F

(true-elim)

Inference rules
P FP2Q
Q

(modus ponens)

ﬁﬁ (necessitation)

PO AIFP .
m (invariance)
n>0AP(n+1)D(4)P(n)

n>0AP(n) D (A+)P(0) (convergence)

P2 (A)Q QD (B)R
P> (A B)R

(composition 1)

PO[A]Q Q@D [BIR
P > [A; BIR

{composition 2)

PO ({A)Q RD(A)S )
PARS (A)(QAR) (derivedrulel)

PQ) Q=R
P(R[Q)

(replacement)

P =
Q=F

(symmetricity)
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Figure 6: Dynamic logic and Partial correctness proof of a program

5.3 Reasoning about programs

Figure 6 shows the screen layout of the proofs of the following properties of a factorial program:
Termination : z > 02 {z:=1;{(z}0)z =z x iz =5 — 1 (z = 0" irue

Partial Correctness : z=nD[z:=L;((z >0 hz =z x 3=z — 1)z = 0)7)(z = n!)

Total Correctness : > 0AxT=nD2
(z:=1;((z > 0)hz=axzzi=a—1(z= 0)7}(z = n!)

21



6 Intensional logic

Intensional logic [Gallin 75] is a higher-order modal logic based on the simple type theory, which
requires context-sensitive constraints on terms. It includes a lot of complicated logical concepts
which however are all well described within the framework of DCG and the rule descniption

conventions.

6.1 Language system of intensinal logic

Meta language

meta_formula --> pred-const, (", term(_), )" ;
meta_formula --> metaformula, "=>", meta_formula ;
pred_const -=> "heweis" ;

metaformula -=> meta_term(_} ;

meta_variable —-> *X* | Y ;

metaterm(.) —-> "R" | “5* | A" | oB" PP
meta_term(.) --> meta-variable ;

meta_term{.) --> meta_term(.), ":", type(s) ;

meta_type(_) ==> "a" | "b" | ve | T | *T1" | *T2" | "T3" ;

Object language

term(t) --> term(t), D", terml(t) ;
term{T) ==> term1(T) ;

term1(t) --> terml(t), "V", term2(t) ;
terinl (T) —-» term2(T) ;

term2(t) ==> term2(t), "A", term3(t) ;
term2(T) ==> term3{T) ;

termd(t) -==> term3(T), "=", term7(T) ;
term3(T) --> term7(T) ;

term7(1'2) ==> term7((s,(T1,T2})), "{", term(T1), "}" ;
termT(T) —=> term4(T) ;

term4(t) --> bind_op, variable(T), ".", term5(t) ;

bind_op --» "¢ | 3",

termd (T) ——> term5(T)

term4((T1,T2)) --> hind_op, variable(T1), ".", term5(T2) ;
bind_op --> "A";

term5({t) ==» "~", term5(1) ;

term5(T2) —-=> term5{{T1,T2)}, "e", term6(T1) ;

term5(T) -=> term6(T) ;

term6{(s,T)) ==> """, termf(T) ;

termG(T) --> "¥"_ term6((s,T)) ;

term6(t) --> "0 term6G(t) ;

term6(t) -~> ", termb(L) ;

term6({T) --> "(*, term(T), "} ;

term6{T) --> variable(T) | constant(T);

term6(T) ~-> meta_term2(T), (", term(_}, )" ;

term6(T) --> metaterm2(T), (", term(_), /", term(.}, ")" ;
meta_term2(T) --> meta_term(T) ;

termf(T) --> meta_term(T) ;
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variable(T) --> var.sym, ":", type(T) | meta_variable, ":", type(T) ;
constant(t) --> truth_value, ":", type(t) ;
constant (T)--> const_sym, ":", type(T) ;

truth_value =-> "true" | "false";

Var_sym = Myt '| ”Y" 'i [P L

const_sym --» "fish" | vhelieve | “walk" | )" ;

t}'PCf_Ej —=> Ma"

type(t) ==> "t" ;

type(T) --> meta_type(.) ;

type((T1,T2)) =-> "(", type(T1), "," , type(T2), )"

L}'PE[{S,T]} —_—3 “|:”-| “5": |l1|u| \ L},PLET‘L 1r}|| :
Operater defintiion

operator
uulrl'u.I {n:u‘ u:‘r-}; {.mu’ ||'~"l|1 "n-"1 "G":I; (u-u_. “""’”)i Il{ll; bind_ﬂrp; W i1 :
“h"; LAYAY : |:u:,1|1 n=:_-;,u'] :

predicate
meta_term?2, pred_const.

6.2 Derivation system of intensional logic
Azioms

1. G:{!,f}iirue:thfﬁ:{t,tjtfaise:!=‘?’}f:E.G':(t,f)-X:I

2. X:u.-:Y.'.r::}F:{a,t]-}i:a:f:{a,!}-}’:a

3. ‘a’X:u.{F:I{u,bjcX:u:G:(aﬁb}-X:aj—-{F;{u,b}:(?:[u,bj}
4. (AX :a.A(X :a)) e B = A(B)

5 O(VE:(s,a)="G:(s,a))= (F:(s,a) =G :(s,a))

6. "A:a=A:a

Thenrems

1. (P:t=true:t)=F:t
2.AX 1a.Q:b=2X:aQ:b

Inference rules

Meta-Rule
beweis
—EE:{—A} (Refleclion-1)

A

—2 _ (Reflection-2
heweis(A) (Reflection-2)
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Object-Rule (IL Rule)

A(R) R=8
—A={SJIF~R_} (RE[J].E.{'.E}
R=S
S=R

(Symmetricity)

Rewriting rules

AX :a. Pt =2X :atruc:t (¥-Definition)

VX :a Pt
% (Brace convention)
ey

(Notational convention)

F(G)

6.3 Reflective proof and Montague’s semantics

The following metatheorem is ingeniously proved with the help of the reflection principle.

FFP:t==FY¥z:a.P: { { Generalization rulej

See Figure T for the screen layout of the proof.

In Montague's language theory, natural language sentences are first translated into expres-
sions in intensional logic, which in turn are analyzed by using the possible world semantics.
Under the defined intensional logic, the following complicated intensional formula :

(Ap:(s,(e,2)) Az s efish: (e t)ox:enp: (s, (et)){z:e)))e
MAy o efbelieve : ((s,t),(e,t)) o" (walk : (e, t)oy:e)mj:e)

which is a translation of a natural language sentence “John believes that a fish walks", easily
and precisely reduces to a more simple and legible one :

Jzce(fish:(e,t) ez :en believe: ((s,t),(e 1)) 0" (walk: (e,t)ex:e)ej:e).
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7

General logic is a formal system which yields a unified account of a fairly wide range of logical
systems. Diverse logics are displayed as variations on a single theme [Slaney 90]. The general
logic has been very successfully and smoothly handled on a general reasoning system EUOD-
HILOS by specifying those variations on a single theme as rewnting rules (See [Sawamura 91b]

General logic

for the details ).

7.1

Language system of general logic

Object language

Mela

sequent ==> bunch, ":", formula;

bunch --> bunch, *,", bunchl | bunchl; %poocling
bunchl --> bunchl, ";", bunch2 | bunch2; %application
bunch2 --» formula;

bunch? ==> “(* bunch, "*}";

formula --» formulal, *—=", fermula | formulal;
formulal --> formulal, "v", formula2 | formula2;
formula2 --» formula2, *&", formula3 | formula3;
formula3 --> bind_op, variable, ".", formula3 | formula4;
bind_op --> "¥" | "d";

variable == "y' | vyt | e | vd";

formulad --> "~", formula4 | formula5;

formulad -->» (", formula, ")" ;

formulad --» "p" | "g" | "r" | "true";

forrmulab -=> predicator, "(", variable, "}";
predicator ==> "g" | “h" | "k":

language

meta bunch ==» "X | "Yv | vZ»;

meta _bunchl --> meta_form, "(", meta_arg, )";

meta_arg --> meta_bunch | meta_form;

metaform ==> A" | "B* | *C» | "' |
meta_form, "(", meta_var, ")" |
meta_form, “(", meta_term, ")" |
meta_form, (", substitution, )" |
meta form, """, metaforml, ")" ;

metaforml ~-> metaform,

substitution --> meta_var, " /", meta.var, ")" |
meta_term, /", meta_var |
meta_forml, /", meta_forml |
meta_bunch, "/", meta_forml |
meta_bunch, " /", meta_bunch;

mela_var ==> Yg'f I 1yt I n},u I 1-rzll.r

metaterm --> "t";
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Interface between object and meta languages

bunch? --> meta_bunch | meta.bunchl;
formulas --» metaform;
variable --» meta_var.

Operator precedence
operalor
"lllhl; """'“-r blﬂd_ﬂp; ll&u; llvll; II_}“; Ii,rlll; "1-“; ||:Il;
predicate
meta_{orm, predicator.

7.2 Derivation system of general logic
Aziom
A A

Rewriting rules

(X, (Y, Z))
(XY, Z)

(SR1.1) (XY, 2)

X.(Y.2) (SR1.2)

SR3.1) Eﬁ,—} (SR3.2)

true; X ( N
X - frue; X

(SR5.2)
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Inference rules

X : ALH A ALB
SxtA WEN) ST (KB

(X,Y): ALB
X:A—>=H Y:A
X.v: B (MPP)
X:A:E
A:A—=H (CP)
X A->H Y:~H
XYV i~A (MTT)
A A X e A o
X ~wA (DND) XA (DNE)
X: A X:B
X:AVBtVLl] X:AVB{VLEJ
X:AvE TI'(A):C T(BfA):C (v E)
I'(X/A):C
XA
mﬁ% (UI) a: eigenvariable and z is free for a in A
X:v¥r.A
TET‘:; (UE) t is free for z in A(z).
XA

mm (E[J T 15 lree fﬂl’ tin A(ﬂ,

X :3z.A(z) T(Alajz)): B
T(X/A): B

(EE) a: eigenvariable,a @ B and a ¢ I,

Then a logic hierarchy in the general logic is as follows:

DW = {SR1-SR5}

C (RW,R-W) = DW U {SR6, SR7}
R = CU {SR8} (Relevance logic)
K = R U {SR9} (Classical logic]
CK = C u {SR9}.
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7.3 Proof examples

The proof examples in the various systems covered in the general logic include:

true : (~p—> ¢) == (~¢—=>p)
p—=>q,p—>1:p-> gkr

pog Vv r:plgVr (Distribution)

true :~(Ad ~A)

X:B: A% ~AF X :~B (Reductio ad absurdum}
true : dy.(g(y) — Jx.g(z)) (Baffling formula).

See Figure 8 for the screen layout of the proofs of the first three theorems.
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8 Relevance logic - Implicational calculus R_. based on
tag calculus

Tag is an apparatus which controls inferences. In a natural deduction style presentation of
first-order predicate calculus, 1t plays a role of the justification of an inference which is to
be calculated in a set-theoretic manner. Tag in an implicational caleulus R 5 ingeniously
controls an inference so as to yield a conclusion relevantly from an antecedent. The following
axiomatization of an implicational calculus R_, is due to Meyer [Meyer 90).

8.1 Language system of L .
Object language

tag_formula --> tag, "=>", lormula ;
tag formula --> "=>", formula ;

formula --» formulal, "-=", formula ;
formula ==> formulal ;

formulal -=> "{", formula, "}" ;
fﬂrmulal — 1rp|r | 1rq|| ] "ptr i :

ta_g - t&g, "t", tagl :

tag --> tagl ;

tagl ==> (", tag, )" ;

ta_gl == Mgt | npw I " |lldn .
Meta language

meta_formula ==» v | ey | “Re
meta_tag ==> "T1v | *T2" | "T3" ;

Interface between object and meta languages

formulal --» meta formuia ;
tagl --> meta.tag ;

Uperator definition

operator
[ll_::_ll : 1I*rr:|: = B
8.2 Derivation system of R_.

Inference rules

(T1=T2)« T3 == P
(T1*T3)+«T2=> P

(Tag Rule C: Cayf = affy)
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Tlt{ﬂ*m]=}}1
T1+T2+T3==F

(Tag Rule B : Bafy = a(3+))

Tl;ITPI:ZTi:; £ (Tag Rule W : Waf = afj

%z—;‘g (Tag Rule I : Ja = a)

M=>P->Q I2=>r

(—=E)

(11 => P]

TE*Tl =}Q

T2 =>0Q — (—}Il]

[T1 => P]

Tl =;;;.. Q
P>o B

8.3 Proof examples

Figure 9 shows the screen layout of the proofs of the following typical theorems in relevance
logic R_:

(P—> (@ — R))—=(Q—> (F—> R)) (Permutation)
(P>Q)>((R-—>P)—>(R->Q)) (Prefixing)

(P> (P-—>Q)) - (P—>Q) (Contraction)

P —= P (Self-implication)

Ll =R
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9 Category Theory

Category theory[Mac Lane 71| was formulated as the theory of “naturalness.” Now it becomes
more and more popular as the abstract theory of mathematical structures represented by objects
and arrows (or morphisms). It even has some applications in the computer science.

The following is a formulation for elementary theory of the categories. It is rather a ten
tative one, though. Some concepts have syntax definitions without having no corresponding

derivational definitions.

9.1 Language system of category theory

In an ordinary formulation, a category consists of arrows and objects. In this formulation we
chose arrows-only notation—objects are identified with the identily arrows one-to-one correspond
to objects— because we think it is simpler to handle. There is another syntactic extension in
the formulation. An arrow expression can be used as a formula, which will be read that the

arrow exists.
Syntaz of ebject language

formula --> formulal, "=-", formulal | formulal;
formulal --> formulal, "v", formula2 | formula?;
formula2 --> formula2, "A", formula3 | formula3;
formula3 --> bind_op, variable, ".", formula3 | formula4;
formulad4 --»> "(", formula, "}"|

arrow | arrow, "=", arrow | arrow_with_prop |

meta formula | meta_formula, "(", subst_arrow, ")";

arrow =-> arrowl, arrow_op, arrowl | arrowl;
arrowl --> arrow function, "(", arrow, ")"|

arrowfunction2, "(", arrow, ",", arrow, "}"|

“(", arrow, ")"| arrow_constant |

meta_arrow | meta_arrow_symbol, (", subst_arrow, *)";
arrow_with_prop --> arrow, ":", property |

arrow_with_prop, ":", property;
variable --» meta_variable;
subst_arrow ——> meta_arrow | arrow, " /", meta_arrow;
meta_arrow --> meta_arrow_symbal;

pru-p-ert}-‘ - "anIliC“ ||Epi';u| “iEU'"' ”U}Jj”!
arrow, "—— =" arrow | mela_property:

bind_op ==> "¥"} "3";

arrow_function ==> "inv"| "dom"| "ead"| "0"| "1";
arrow function2 --> "prl"| "pr2";

arrow_constant ==> “0"| 1",

arrow_op -3 ","I llxlrl u*u;



Syntaz of meta language
TﬂEt&_V&Iidel{‘-‘ - llxll Ilzlll le'l 1|| “F-'I l|| “Z-l”;
meta formula --> "WFF"| "WEFF19] "WFF2"| "W| "W1"| *W2*,
meta_arrowj}'mbcl ——3 |-F1|-_HH||| iIKIIl “FF"[ 1IGG"I IrHH'Irl |rKK1r|
uxu_.-}jul ||x}:|.| "Y.Y“I "EZ"' “E"-"h“l Ilk"_llu";
meta_property --> "P"| "P17| "P24| *Q| "QL"| Q2"

dummy --> " ",

Operator definition
operator
ATTOW_Op; [ :}n; n:l.r; “.l'llui 1||=||.r blndfxp, 1|h1|; ”"-..""_'I 1|:}1r;

predicate
meta_arrow_symbol, metaformula, arrow function, arrow function2.

9.2 Derivation system of category theory

Azioms

1 : abg

0:obj

Inference rules

T
1)
WL_W1= W2, g lei&—zwz (= 1)
h{ﬁ (dom — 1) ﬁ (cod — 1)
r:fam(f‘_')j:—: i’_fﬂ}ii}'EF] =Y (> T1)
—___r:ndlfF{‘;I-:ﬂfrj (cod : obj — I} m}fm (dom : obj — 1)

Foby F': obs

cod(F) — F (cod(ebj)) m (dom(obi))
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cod(F) = dom(G F.G

) doet — E
Fe o Y G = domi@) P
F.G _G.H
_u_{f".G]._H (dot + dot)
W(F) F=G
= 1l=1 ul
W{CIF} I'E]:l orm a.}
F=G HF F=G_ FH .
HF=HG (dot — left) TH -G H {dot right)
F | F o
dom(F)F=F (left — 1d) Foeod(F) = F (right — id}
[F.G = H.G]
F—,:.H G — F:monie G.F = HF L
G monic (monic — 1) G=H (monic —E)
[F.G = F.H|
Gz:H F ) F:epic FG=FH .
T epie (epic —I) =i (epic — E)
F.G:oby G.F:obj
F:iso (iso—1)
E :is0 (left — inv) __f:iso (right — inv)
inv(F).F : obj Fanu(F) : obg
Aol : F:0—-2>X G:0—-—>2X
(0 — > = -
0X%) .0 >x (0 mep) F=0C (3 —0)
X : obj F:X——1 G: X ->1
i— . = -1
(X): X——0 (1 —map) F=0 ( )
Xioby Y :oly (or1 - 1) X:obj Y :o0b (pr2 — 1)

pr1(X,Y) : XxV ——X pr2(X,Y): Xx¥--2Y

F:Z——=X G:2-=Y
Fal :Z——XxY

(prod — I}

Hprl(X,Y)=F Hpr2(X,Y)=G
H=F+G

(3! — prod)
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W(F)
—= (3F)

Rewriting rules

W1 A W2
Wo AWl eom)

(F.G).H
F.(G.H)

(dot — assoc)

(F * G).pri{cod( F), cod(G))

(pri—E)

F

9.3 Derived rules

(F % G).pr2(cod(F), cod(G))

(pr2 — E)

The results proved in EUODHILOS are saved as either derived rules or theorems. They will
be used to get other results later. In our experience, derived rules are often easier to use than
theorems. The followings are some of the rather simple results saved as derived rules.

= 7
[WiAw2] [F=G]
{Aacom{G} ) {=sum {7}
waawi G=F
(AME-left {B} ) —(AF {7}
w2 G
ME — right JF (= right)

3
[wW1Aw2]
11 {AE-left {3})
[Wisswaswr] Wi
(2E{3, 11}
Waadly

W

W1 AW224

== toh =

37

(I {11})

a8 3

Wl [w=sWi]
— %k {8, 8} ) 10
w1 [Wi=w2]
(=E {8,9,10})

wa
(»1{9,10})
W=z
==

(AE=right {3} )

(E{3; 3,11}



i4

[F1
Lleft-id {14} ) 14
dom{F}.F=F [F]

12 13 —({=gsym{id}) (left=-id{id})
[F=G] [G=GG] F=dom(F).F dom(F). F=F
{=repj-—fqrmu1a{1:5,13}} — . {=repl-formula{i4})
F=GG F=F

F=F

= trans

9.4 Proof examples

(A) An object is an isomorphism.

In the formulation, an object is the identity arrow of itself. Therclore we can say an object

is an isomorphism.

SHEET _OF _THOUGHT : category_theory
1“1-

iz
IFiob]]
12 LAF L2 ) i2
[F:obi] F [Frobk)l
12 {domi{ok]) {12} } Aright—1d {12} 2 AIF{E2}
[F:owj] dom{F)=F F.codi{Fl=F F
Sfeod{ob]) (12} ) (=aym{i2} ) 12 (msym {12} ) {lefi-1d {12} }
cod ()= F=dom{F) [F:obj] F=F.cad{F} dem{F).F=F
- (=srepl-formula {12} ) 12 ——i{saym{l12}}

——{=trana {12} }
cod {(F=dam{F} F.eodiF):obj [Fiobfl Fdoem{F).F
(zrapl-farmula{l2}) —(srapl-formula{ld})

o - F.dam{F}ioh] dom{F}.F:abj
= ~{iso-1{12})

F:imo
(el £33

F:obj=#F: is0

Figure 10: A proof of “F : obj = F : 150"
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(B) The co-domain of a composition F.G of two arrows is equal to the co-domain
of the constituent arrow G.

This proof example in the upper window uses a theorem illustrated in the middle window.

y SHEET_OF

THOLUGHT : category. theory

[abomm £F: ) =domm £F 3 1

a2
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Figure 11: A proof of “cod{ F.GG) = cod(G)"
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10 Miscellany

For other logical experiments, we will merely list the typical theorems which were achieved
using EUODHILOS.

10.1 Smullyan’s logical puzzles
F(AsM)o(AsM)=As((AxM)e(4+M))

In the Smullyan’s book [Smullyan 85, variables such as A", “B", “M" represent birds in
an enchanted forest. Any bird in this forest will respond a bird’s name if you call out a name
of a bird. The expression “A « B” represents the name when you call out the name of B to
bird A. Mockingbird, represented by “M™", is a bird characterized with the following property:

Mez—zez for any bird z in the forest.

This is defined as the first axiomn named “Mocking bird™ in Figure 12,
The collection of the birds inhabited in the forest also has the following property: For any
hirds A and B, there 15 a bird ¢ such that

Cer=Ae{Bex) foranybird z in the forest.

The bird C is represented by “A « B” and this property is also defined as an axiom with
the name “Star.”

A bird A is told being fond of the bird B if you call out B to 4, then A calls the same name
B back tu you; i.e. Ae B =1

The theorem indicates that every bird A of the forest is fond of at least one bird; i.e.
(AxM)e(A* M)

10.2 Propositional modal logic (T)

FOpAD(pDq) DC(phg)

(A strong correctness assertion is implied from a terminalion assertion and a weak correctness
assertion.)

See Figure 13 for the screen layout of the proof.

10.3 Second-order reasoning
EYPP(0) AVR(P(n) 2 P(n + 1)) D ¥nk(n)] = VR[Va(Vj(; < n D R(j)) D R(n)) D ¥nh(n)|

(The principle of the mathematical induction is equivalent to the principle of the complete
induction.)
See Figure 14 [or the screen layout of the proof.
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Figure 15: Proof by structural induction on list
10.4 Proof by structural induction on list
F VaVyVe.append{append(z,y), z) = append(z,append(y, z))

(associativity of append function)

See Figure 15 for the screen layout of the proof using the following structural induction on
List:

[f"f:’I'flI

Pl0) P(XT)
VN-P(N)
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