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Abstract

This paper presents a formalization of relative plausibility. Ia stead of giving
numerical value to propositions such as probability theory, we give an order-
ing over propositions and derive resulis which are irue in the most plaosible
models. A formalism is based on a model ordering which is an extension of
circumscription. We show a semantic and svntactic definition and examples of
derivation.



1 Introduction

romolete hnowledge to make the right decision. and we
Lnowledge iz gathered. In that caze, we Leve to
. seie neuristics to complement unknown informetion.
VMuck research has hesn conducied to formalize this phenomenon. We can divide the
reseasch inio wo areas: the tumerical approach and the non-numerical approack.
The major research from 1he numerical approach to uncertainty is the probability
theorv, Shafer’s Evidence Theory, and Zadel's Possiblity Theory. This epproach

"

represenis unvertainty by atiaching a numwrical value to a proposition and defining

operation. over those values  1f this approach works quite well, i1 will be the most
powerful tocl for uncertainty. However, there are some problems in practice: for
examiple. it is pot always easy to attach a numerical value to a proposition. and
people are reluctant to give = numerical value for likelihood. See discussion on that
istue 1n the introduction of Halpern®

On the other haud. default reasoning [McCarthy80, ReiterS80] has been intensively
investizated as a non-numerical approach to uncertainty. The idea of default reasoning
is intuitivelv based on “negation as ignorance”; that is. if there is no positive known
information of a proposition, P, then =F is assumed. As McCarthy points out in
IMcCarthy86]. this idea can capture some qualitative notion of the numerical approach
to uncertainty, However, this idea is not strong enough to capiure all qualitative
notions which can be expressed in the numerical approach. For example, we are not
sure how to capture relative plausibility such as “P is more plausible than Q.

This paper attempis to extend defaull reasoning to capture the notion of reiative
plausibility. The notion of relative plausibility is an exienswon of default reasoning
hecause we can rephrase the basic idea of default reasoning, that is, "negation as
ignorance” as “~F is more plausible than F7.

In our formalism, we give ordering over formulas to represent relative plausibility,
For example. suppose that a svmptom of a patient is 5y and we have the following

s

information.

o A disease, Dy, is more plausible than a dizease, [y,

o 1t 5, is found, then it is likely that the patient sufters from D, or D
We represent the above information of relative plausibility by

[Dy = Do 5 D =i v D) = 5y D (D v Dyl

CWe g

vegard the abote sentance as Tho meta-statement to decide model ordering. Theu we

o & pew model ordering, which i3 an extension of circumscription and we

define 1he most plausible models which are the maximal models based on the above
model ordering. We give & syutactic definition from which we derive resuits which
ace drne in the mest plansibh model. ln the above example, we can conclude that
anly S, and O, are true in the most plausible models.



2 Semantic Definition of Relative Plausibility
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E{F, 2V < E'[F. 2),

where F{F. r)and F'(P.x) ere wifs in which all free variables are 1z a tuple of variables
r and all predicates are i a tuple of predicates P The intended meaning of the above
expression is A7 F 2} is more plausible than L{F. 117, Wewrite AF = {EWF 1, =
EnForii a2, iPox ) < EL{FP », )} for & set of meia-statements. With respect to a

set of axioms. 4. &nd a set of meta-statements, AP, for relative plausibility, we define
S r

- B . : T e ] ot ¥ - 1 E a7 - - H
che folowing model ordering between 1we modeis of 4, 3 and Afs with respect io

Ul (We say that M, is more plausible than M, with respect to A and BFP)

it the iolowing conditions are setisfied.
1. 4y and M, have the same domain.

2, Everv function constant and predicate constant not in P receives the same
interpretation in A, and 4/,

3. The following statement is true.

P ((My B E(Pox ) AMy = EXPoz)) D (My & E(F, 2, )V AL, = B P,

i=f

where RFP = {E(F, 7} < E| (P, ;). .. E Pz ) = E [Pz}

The meost plausible rmeodels willi respect Lo A and BP are those models of A, A such
that there is no M such that A7 <R A (an abbreviated form of M =482 177 and
not M =48 AY We write ATPM (A, BF) for a set of all the most plansible models
wilh respect Lo A and K.

We explain the idea of Lhe above ordering in a very simple example. Suppose
A =T (no axiom) and f#F — {P < Q}. Then the models for A are M; = {F.Q},
My = {P, =@}, M3 = {-P, @} and M, = {-F, -0} (a model is represented as a sel
of the propositional constants and negation of propositional constants that are true
in the model). By the above ordering, we have only My <*%" Afy: that is, if Q s
more plausible than P. we can only distinguish possible worlds where £ is false and
€ is true from other possible worlds where P 1= true and @ 15 {alze.

The reason why we can unly distinguish M5 and Ms il § 1= more placsible than P
is as foilows. The above models can be regarded as possible worlds for the real world.
Therefare, the real world it one of the models 1,0 M.l My and M, but we da o
know which is actually the real world because of Jack of infermation. Consider the
ozl thai
Fis true can be expresced as the sum of the possibility of models where F iz trne. Tu

silities that a model is the real world, a; for each model ;. The possibilin:

thizs casze, the possibility of Pisa; +o0,, and the possihility of 15 a4 a5 If we now

that ¢ 15 more plausible than F. then o, 4 a; < a) +ay: that is, oy < a3 Therelore

-
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ccanclide that = P A _-i_-‘IE is True in the mes J;u......!]ﬁ""“ﬂl'”f’li
we definition. we have the foliowing properties for the relauve plau-

Ef j__l I Jr: P bl = _'e-;"., {'.-Jx-l .1| -!"‘""'"'"'“:“ "':-J.I"..IT_-E' !U "l:l - .Erl,JL-I T]:‘. then
WPA(ABFY = MPAARP = [EiFo < B P.o)

This nucans shat if Yx{Fi 720 7 F'P 010 s trues the information of the ral-

aiive plausibilizy g irrelsvant. This properly correspends to ihe properiy of

circumscription: if <77 i toue. then theiz is no effecs of minimizing F.

If E(P.z) < E'{P.x) € RF and A entells Y2 (£"{P,2} D E{P.x)). then
MPM(A APy = MPM{A RP— {E{P.x} < E{F.2)}.

This means that if ¥r{E' P ) 2 E(F, ) is trae, the information of the rel-
ative plausibilitv is lrrelevant, This properiy corresponds to the property of

circumseription: il P is true, then there is no efiect of minimizing F.

I E(P,x) < E'(P,z) € RF and ~E'{P,x") < ~E(P.2') € RP, then

MPM{A. RPy= MPM{A.RP - {E\F.2) < E'(P.z)} and

MPM(A, RP) = MPM (A BP — {-EF.2") < =L P =)

This means that an ordering. F FP.x) = E'{F,r) ¢ EP, 1= compatible to an
ordering. ~E'{P,z") < ~L{F ')

If E(P.x) = E'{F,xj & BF an d EP,r't = E{ P 2"} € RP. then
MPM{A,RPY C MPM{A.RP — {E(F,x] = FY{F ?'} E(P.a"y < E(F,2")}).
Usually, if we add more information on the relative plausibility, we can obtain
more results in the most plausible models, but if we add contradictory infor-

mation like the above condition, we obtain fewer resulis in the most plausible
models.

Transitivity is not always satisfied. That is, even 1f Ey(Pox) i Pox) e RFP
and E,(P.z') = E3(P.z") € RP, it is not always:

MPM{A RP) = MPM({A RPUE(P.r) = Eal P.x)}).

For example. suppose BP, = {P < Q.Q < R} and £F, = [F = Q.Q <
E. P~ R} and A4 = -0

Then MPAUA BEy = MPMUA V) because (F = P and O 2 A,

but U.l'l."'-’l“ HFP:) = "'”." .lJT' —-éﬂ':--;-.!ll.l_” -11-{}]

However. tratsinivity i sanshed i there 13 a0 coutradictory inlormation 1o the

information of the relative plausibility

[f the number of models is fpite. ihen there will be most plausible models,

Hewever. if it is infinite. there mav net be any nost plausible models. This

means that the propositional case of the relative plausimlity s satistfiable.



3 Swvntactic Definition of Relative Plausibility

v, relative | v iz defimed in 2 second-order iancunre. In s second-
'-:'P'.iﬂg'i we can use predicate variables and funciion vanables in addition to
rmiect variabies. Precdicate variables vary over predicates and funciion variahles vary

over t‘uncamna. In addition, we use predicate constants such as T for true, F for false
and = for equality. and logical connectives such as = for equivelence,

Let 4 heasetof axioms and AP be a set of meta-siatements of relutive plausibility,
‘:_E‘.'.F--l ¢ F{Pny), o Eq(FPoa) = El{F,z;11. VWe define the most plausible
eaTATICE. UPl 1. RP. as follows:

MFPLA. ff-’ )
| A = 3pl Alp)a

ALE
ANz{(~E(P.r) A E{Pa)} D (=Lilp, )V Ejip.T) A

[

*;’" Yr{(=Eilp.x) n El(p.al) 2 (2B P x) V E{(P.x}}})

where i & tuple of predicate variables similar to P,

We can easily show thal the above definition is an extended form of formula
circumseription by substituling EY(P.xj and Ei{p.7) with =E{ P, z) and =E;(p. )
respectively.

We can show that a set of models of MP(A. RP) is identical to MPM{A. RP).
This means that anv result derived from MP(A, RP) is true in all the most plausible
models.

F’.rsl!;h_ we define 2 mode! for a second-urder language. A structure, M, for a
sccond-order language consists of a domain D, which 1= a non- "'"J'l]:lt‘ir' sct, and an
interpretation Tunction such that E'w?'*. n-ary function constant, F,. is mapped onto
2 function from D to D (written M[F,]), aud every n-ary predicale constant, Fy,
is mappea into a subset of D7 {written -UEP 1. N-ary function variables range over
any function from D" to 1} and n-ary predicate variables range over any subset
of D7 < 11 ooty =ar dencotes an interpreted tuple uhem 1, s by are terms. If
Po(tyy .ty ) is true in A, this fact is expressed as <<ty .0 dn 2 M€ MIFP.. A model

of a sccond-order sentence is anv structure, M, such Lh&t every formula in the set
s truc in M. Now we give relationship between the most plausible models and the
models of MP{A, RP).

Proposition 1. M is & model of MP(ARP) iff M s the most plausibie model with
respect to 4 and BP.

4  Examples

Example 1

Supposs that a symptom of a patienl is 5; ana there are the tullowing information of

relative plausiinlity.



v N cisease, [, 0% TloTe Plenzibae than o dizease, T
s t 1 1

e 175 e found then in i dbely thet 2 panent suffers from Iy or Dy

-~ . R T

We represent the above inforsaiion ns Lalows,

1o - 50 o
."'.l'l.'_“‘|;._J..'l|_..1.'.-‘-’I =)

BE =Dy =D, 5 D00V L) S,miDy v D)
Ther we can male the fmllowine derivation.

a

AT

=y \ 1 i i - o
=& oDy v DY e iy v D D (=i D {p VY gUVIir D (pvaln

fi—phgq) o i=Inv Dn
(e D (Vg A D pver) D inis 3 =(DiV D)} VI(S: D (D v Da))))
(p.q.or) s assigned Lo (T T, the above hecomes:
P i,.T A i'-:'“D-; al D:} = [_F T
(08 2 =DV IERALS 2 (v D) 2 (T 2 (VT V(T 2 (FVE)))iA
_"..H_'F M '.[“;' = (—'F'] b .!r.J_ :i."n.
(~(TO~(FvTHALT(FVvT2
(=8, 3 =D, v D viS, DDy v D))
This 15 reduced to:
S A I:—'.Dj, W Dﬂ ) |:‘151 VLY Ji_—;.jji
which 15 equivalent to:
5 A D,
This means that 1o the most }jt‘ial::ii.h]-.'i‘ 1110{]&‘15, 5.1 and f} are true.

T

Example 2

Suppose that a symptom, 57, i found and & is unknown and there are the following
information of relative plansibility.

o 1f & is found then it is likely that a patient suffers from Dy or Dy

o £ 5 is found and =&, is found, then a patient suffers from Iy more likely than

e 14 5 and 8» are botl found, then a patient suffers from D; more likely than

We represent the above informating a3 {ollow -,

1 ";...._c_ Ly Dj_"l = .:.“!
= - . &g 1 = = - . - = = . -
7= {_-11. = =il v D‘ b A iDw I.]_:\-_ S A8 by = {:..1 et f4,
|,E M ._";v' - L_:', — L L‘J ':‘- - ."__-‘;..5.; - _-.‘:Igj
Thern we can make th= following derivation,
<A mITpzgzrdsivn

= 8 S =DV Ly A S D Dy I D (= D (e VetV r D (p Vgl



(=S A5 D D AISI A=S2) D D)) 3 (=((rA=8) D pIV((rA=s) S g))A
(=S ASI D DIASAS)ID D)) D (=((rAs) 39“]' 'M}DP}}M
(=S A =8 D {—a v =s))A

=o=ir T =iV el A e D{pV @) D {S(SrD =Dy v D) VIS DDy Y Do a

dmtirA=sb D piAalirA=s) D)) D (-((S1A=5:) D DNOVISIA=5) D Da))A
[—tirAel Dgl AiirAs) Dp)) D (={{S1 A S} 2 D) V(S A S 2 D)
ma A1 D (=5 v =50
Hipooorosiis assigned to (F,T, T, F), the above hecomes:
.[:‘] n "'li']:'"l
(=S D= DVDIALS D (DyVD)) D (<{T 2 ~(FVINV(T 3 (EVT))A
ff—.._iﬁ-,:.—.:“«. 2 DOAESIAE2) D De)) 2 (=({TA=F) D F)v{(Ta=F) D T))A
U8 A S DDA S AS) D)) D (~(TAF)DT)Vvi(TAFI 2 F)lin
(=52 A=8) 5 (-F v F))a
S({(~(T 5 ~(FVT)A(T D (FVT))D
(~(5) 2 (D3 V D)) v (S; D (D3 v Da)))HA
{~(TA-F)2F)A({TA=F)D>T))D
(20050 252) 3 D) v (S A =53] 2 D,
(~U{TAF)STIA(TAF)DF)) D (~{{85A8:) 2 Dv({& A5 2 Dynn
(=F A =F) 2 (=5 V =8,)))
The above is reduced to
.5'1 h—u{—u{
(=(S1 2 =DV Daj) V(5 D (Dy v D) jin
(=S A =82) D Dy} V(5 A =52) D Da)ia
(=& v =507
waich 15 equivalent to: §; A =53 4 Dy,

Example 3

Suppose that addition to 5, in the previous example, a svmptom, 5;, is also found.
Then we add 5; to 2 set of axioms in the previous example.
."flli "‘-'1 _1.5'1 Dzi}-— 511'"'--5'1
RP = '[q 0 _||:I-D'] ' ,Du:l - E] ] [D] VD;],(Sl al _‘53]' . Dl - {Sl A5 D D;_.
L‘?-l A Sy D Dy = [5_1 ASay Iy, 5= _'Sg]'
Then we can make the following derivation.
Sy A S2 A =3p3gIr3s(r A sA
(218 D =Dy VDA (S D (Dyv D)) 2 (~r 2 =(pvgll Vv ir D (pVglj)in
(~{(5: A =82) 5 DI A (S A=82) D Da)) D (=((r A=) D iV ((r Ams) D g)))
(=0 -5'1 NS DD AUSIAS) D D) D rAas) Dg)vilrashDpllin
7S A2 D (s W =s)in
—{li~fr > —.ﬁ‘-.*q,-.l.,.ﬂ Vel D (=5 D (D V(S DDy v D) a
((={irA=3) 2 pIAL(rA-s) D rl; 2= SiA=S) D Dx}‘vu[“‘u V=5a) D Dadlin
(i=lir A s) DglAllrAs) D)) 2 (ST A S D D v (S8 5 2 Da
(=5 A ms) 3 (=83 ¥ ~8))))
Iiipog, sl is assigned to (T.F, T, T, the above hecomes:
S A8 —{T A Ta
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(=08, D DV D) ALS: D (Dyv DY 0 (=(T D ~(TVERV(T D (TVE)))
(=S A= D DA s 50 Do o (s{{TA=T D T)WV{{TA-T) D F)n
=S AS D DA, Ao Dy 2 (=T AT FEIvHT AT DTN
i I'—S: A5 D [_‘T W =T 1A
(U= TO-(TvEDAMT SEVEND
CelE IV D vl D iR Y D=100A
(=({TA-T)>T)ATA-T}2END
(={{S; A 80D D)V ([ Sy A=Sa) D Dadn
(=(TATIDFIACT AT DT 2 15 A8 2 Do)V ({5 A 8:) D Dh)lin
(=T A=T) > (=5 V-2
The above 1s reduced to:
M o h=l=(=5)A
—{{={8, D =~ {Ih vV D)V (& T Dy VDA
=((S; A Sa) D DA VS A S D DY
which is equivalent to: S A5 A Dy

Note that this result is diferent from the previous result. Therefore, this example
shows nonmonotonicity of derivation of the relative plausibility.

Also note that in this derivation, there is an imporiant assumption on the condi-
tional probability. In the probability theory, if the state of known inforimation changes,
the probability may change: therefore, the relative probability may also change. On
the other hand, in our farmalism, the relative plausibility relation is assumed to be
invariant, but ignored when ilie state of known information is contradictory to it.
We have a problem if this zssumption is not applicable. We show a solution to the
problem in the next exampir.

Example 4

Suppose a disease, [y, is usuzally morc oleusible than a disease, Dy, but if a symptom,
3,, is found then the plausibility relation is reversed. At [irst glance, 1t seems thal
the above relation can he expressed as follows.

RFP = {Dz < D, 5D = 5D f]'!
If Dy V Dy is true and &; is nnknown or found to be false, it works. However, if
D, v Dy is true and & symptom, S, 1s found, we cannot conclude Dy

To solve this problem. we introduce a predicate, Ab, like circumscription. That
s, .

RFP = ‘{‘"Hi' oDy = =AL D D A= =4l S, <5 D .Dg}
and we add the following axiom to A

5,0 Ab
The second plausibility inforination aud ihe shove axiom are needed to derive normal
rasults.

Then if there iz ne information about 5 we can conclude Dy, whereas if &) is
found to be wue then we can conclude I

o



Example 5

Default reasoping 1s alsa pos o this fremework. Suppeose we know that T is a
hird and there is informatiorn T risa bird then it Is pieasible that o flies, We
can represent ihe above ac fc

AR Fl} = Bl

RP=1{Blz)D=Fiz) <. D F(z)}
Then we can make the following derivation.
BT) o 3637 (T)A
Vri(~(B(z) D ~F(x)} A (Blz) D F(z)}) D (=(blz} 2 =f(2)} v (b=} 2 Fiz))A
~Vr{(=(bz) D =fle}) ndlblz) D fla)) D (B o ~Flz)iv (Bixl D F(=)))))
The above iz equivalent to:
B{T) A =33 f(6{T A

Wa{(Blz) A F(2)) O (blz) D flz))) A ~¥a((blz) & fiz)) D (Bl=) D Flz))
iet b= T and f = T. Then frem the above formula. we can deduce:

E‘uﬂ i _‘[TP-.

Vr({B{z) A F(z)) 2 (T 2T A-Yr((T AT) 2 {Bix) D Flz)}))
It iz reduced 1o

B{Tian¥z{B(z} 0 F(r))
‘[herefore, we can derive F{T'} from the above formula.

5 Related Work

In this section. we restrict ourselves te cumparison with the non-numerical approach
o uncertainty.

5.1  Prioritized Circumscription

‘McCarthy$6) introduces priority of minimizing predicates into circumscription. This
priority is expressed by ordering over a tuple of predicate constants. I's priority
i5 used to choose minimized predicates only when minimization of those predicates
conflicts. that is, when onlv some of the predicates can be minimized. However, if
all predicates can be minimized, this ordering is irrelevant. For example, suppose
A= Fv@ Then Circum(A; P > @) gives =P . (). In this case, P > @ Is used for
minimizing P prier to Q. llowever, cuppose A" = T, then Cireum(A: F > Q) gives
P # =0, Therefore, the ordering of the prioritized circumscription can be regarded
zs the ordering between two infinitesimal prebabiiiiies. However, the technigue of
privriticed chrcumscription could be used te express meta-order over our order of the

relative plausibilior,

5.2  Qualitative Probability as an Intensional Logic

[GardenforsTh] gives a formahization of gualitative probability to mtroduce & binary
operator = into propositional caleuivs. The intended meaning of 4 = His "A s at
least as probable as B”. lis work is to make the interpretation of the operator =~



agree with same probabillly measure. Since Lis logie. QF. inciudes = in his language,
it can express higher-order probability and infer the ordesring itseli,

Op the other hand. our erdering is expressed as a meta-statement which is trans
lated into the second-order language and we only derive the results which are true in
all of the most plausible models. Practically, we believe 1t is enough to mve the most
plausible result to make the best decision.

5.3 A Logic to Reason about Likelihood

(HalpernS4. Halpern87] give & proposition al modal logic which deals with likelibood
Tnstead of an order of formules, they intraduce the modal operator, L, where LF
is read as “F is likely™. This idea can be expressed in our formalism as -F < F.
However, within their logic, the relative piausibility cannol he expressed. As shown
in [Halpern8d], their transiation of conditional statements threatens contradiction,
Then they face the qualification problem [MeCarthyR0] to avoid contradiction. On
the other hand, our formalicm of the relative plausibility never causes contradiction
in the propositional case.

6 Conclusion

This paper presented a formalism of the relative plansibilily by extending circum
scription. The relative plausibility is represented as a meta-statement of ordering
between formulas which is compiled into a second-order language. We think that we

need to do the following research:

1. We need to find uscful subclasses of meta-statements of the relative plausibihty
{0 make the second-order language computable and satisfiable.

5. 1t would be better if we have more deep relationship between the probability
theory and the relative plausibility so Ulat the relative plausibility agrees with
some ordering in the probability theory like Gardenfors’s QF.

]

. If the orderings are contradictory (for example, A < Band B < A are in
RP), there is no result from con tradictory orderings. Pratically, however, we
can distinguish those contradictory orderings. To represent prioritv over such
orderings, we would need meta-ordering betweern them,

4. We must consider more examples to evaluate how finely our formalism treats
uncertainty.
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