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Abstract

We point out a problem, called the anonym problem, that circumseription is weak in
proving inequality, and we clarify the limitation of circumscription in proving

(inJequality.

1. Introduction

We, humans, are often faced with a lack of available information in solving problems.
In some cases, we infer from imperfect knowledge by complementing it with our common
sense knowledge, such as" a bird normally flies”, without violating consistency. To
capture such reasoning formally, McCarthy proposes a form called circumscription [6,7].
However, unfortunately, circumscription is weak in proving inequality and its weakness
vields only unsatisfactory results under eircumstances where lack of information
regarding (injequality is essential. We show this with an instance, called the anonym
problem. Then we clarify the limitation of circumscription in yielding new facts regarding

(in)equality,



2. Anonym Problem

First, we must review circumscription. Circumseription is well known to have various
versions. In this paper, we consider the parallel circumseription [4] proposed by Lifschitz,
because parallel circumseriptionisa sufficiently general and powerful version in that
most of the other versions, for example, predicate circumscription [6], formula
circumscription [7] or prioritized circumscription (4], can be expressed using this
formulation [7,4,8]. In this paper, we refer to this parallel circumseription simply as

"eircumscription”.

We basically follow Lifschitz's definitions and notation in [4]. For any first order
sentence A(P.Z), where P is a tuple of distinct predicate constants and Z a tuple of
function and/or predicate constants disjoint with P, the cireumseription of P in A with

variable 7 is the sentence

A(P,Z) A —3pz.(A(p,z) Ap < P

denoted by Circum(A;P;Z). Here, p and z are tuples of variables, and p<<P expresses that
the extension of each member of p is a subset of the extension of the corresponding
member of P, and at least one of them is a proper subset. When we need to minimize wif

E(x), we especially allow it to be used in the following way,

Circum(A A Vx.(Pylx) = E(x)):Pg:d),

where Py is a new predicate which does not occur in A. (This1s essentially equivalent to

formula cireumscription and variable circumscription [8].)

Now, let us consider the following situation.

Situation 1:



A man in a living room hears someone knocking on the front door. He knows that if

someone knocks it is normally a man...

Under Situation 1, we expect that he would think that the anonym is a man, In this
case, circumseription works as our expectation,

His knowledge can be written as follows:

A = Knocks(Anonym) A Vx.(Knocks(x) A = Ab(x) O Man(x)).

We circumscribe predicate Ab, allowing predicate Man to vary, that is,
Circum(A; Ab; Man) =
A A = 3pz(Knocks(Anonym) A Vx.(Knocks(x) A = p(x) D z(x)) A p<Ab).
If we substitute p = Ax.(false), z = Knocks, then it vields
AN —(false << Ab).
Since false = Ab, so we ohtain Ab=false. Therefore, from the circumseription we can
obtain

Man{Anonym).

Situation 2 (continuing from Situation 1):

...He opens the door, and finds not a man but a woodpecker, Tweety (Tweety is
abnormal), Tweety flies away... (This situation continues, however, if it is interrupted,
then circumseription revises the last conclusion and concludes " Man(Anonym)
consistently)...He goes back to the living room and he stays there. He hears someone

knocking...

Under Situation 2, although he knows of the existence of an abnormal being, we still
expect that he would think that the anonym is a man, because he still knows that a

knocker is normally a man. Now we write



A’ = Knocks(Anonym') A Ab{Anonym) A Va.(Knocks(x) A = Ab(x) 2 Man(x))

(to simplify and clarify the point, Knocks(Anonym) is abandoned).

In this case, does circumscription work as our expectation? By only circumscribing Ab
with variable Man, we cannot obtain the expected result. The resultis
Ab = Ax.{x = Anonym ).

Therefore, with respect to Anonym' we can obtain only

Anonym' ¥ Anonym O Man(Anonym').

This implies that he cannot conclude that this Anonym'is a man as long as he does not
know that Anonym'is not the latter Anonym. In this situation, this result will not be so
useful. Staying in his living room, he can never infer that this anonym would be a man,
moreover, even if he sees what this anonym is, it will imply to know whether he is a man,
{And it seems more absurd for him to remember all abnormal things so exactly that he

can distinguish them from whomever he meets.)

Circumscription seems to be weak in proving inequalities as we have shown above. We
call such difficulties of cireumscription that arise in proving with respect to equalities an
"anonym problem". Of course, before we call it a "problem”, some problems still have to be
clarified. Is it really impossible to deduce the above ineguality (Anonym'# Anonym) from
any instances of circumseription? (That is, do there exist some predicates (or formulas)
minimized and constants (predicates or functions) allowed to vary with which the
inequality is deduced?) In general, what inequality can be deduced from circumseription,

and what equality? In the next section, we will clarify these problems.



3. Limitation of Circumscription on Equality

Our interest is to know the ability of circumscription in yielding new facts regarding
{in)equality which are not yielded without circumscription. Before exploring the ability
generally, we solve the following question: Can circumseription yield no new (in)equality
at all? The answer is “No, it cannot”. We can show counterexamples to the guestion,

which instance Lthat eircumscription yields new facts regarding equality in some cases,

Example 1 (on equality); Al = Ab(a) A Ab(b). Circumscribing Ab while allowing b to
vary, we obtain the result that implies that the only individual satisfies Ab. Thatis,
Circum(Al;Ab;b) yields

Wx.(Abl(x) = x=a)
From this, we can obtain a new fact regarding equality,

a=h,

Example 2 (on inequality): A2 = Q(a) A —Q(b) A Rle). We circumseribe Ax.( = (R(x) =
—1Q(x))) while allowing R and ¢ to vary. For this purpose, we introduce a new unary
predicate symbol, Py, such that Py = Ax.(—(R(x) = = Q(x)}). Thatis, we consider
Circum(A2 A Vx.(Pg(x) = ~(R(x) = =Q(x))); Po; R, ¢). It yields

Wx. 2 Pplx),
therefore, Vx.(R{x) = —Q(x)) and then = Q(¢) are obtained. Therefore,

a+b

haolds,

These examples seem to imply the possibilities that circumseription yields new facts
regarding equality that we want; however, it turns out to be negative. Here we show this.
‘We discuss this problem from a model-theoretic standpeint. We use the following

notation.



A as a sentence

Mod(A)} as the class ol models of A

[M] as the domain of model structure M
M[P] as the extension of Pin M

|S} as the cardinal number of a set, S

) as the least infinite ordinal number

(P;Z)min-Mod(A) as the class of (P;Z)-minimal models of A

To start with, we need to recall the model-theoretic meaning of circumscription. A pre-
order on the class of structures “= PiZ2” was introduced [4). For any structures M; Mz, we
write My = PiEMgif
1) [M;] = [Mg]

2) M;[K] = Mz[K] for every constant K notin P,Z;
3) My[P;] C My[P;] for every P; in P.

We say that a structure is a (P;Z)-minimal model of A if the structure is a minimal model
of A with respect to = P2, Then a model of Circum(A:P;Z) is equivalent to a (P;Z)-minimal
madel of A [5].

Next, we show an interesting property with respect to such minimal models.
Generally, for any sentence A and any tuple of constants P,Z, the existence of the (P;Z)-
minimal model of A is not guaranteed. However, if there exists a model of A whose
domain consists of finite entities, the existence of the (P;Z)-minimal model is guaranteed

for any such A and P,Z.

Lemma:
Forany M € Mod(A), if‘|[M]| < o then

there exists a model N € (P;Z)min-Mod(A) sueh that |[[M]|=|[N]].



Proof of lemma: Since |[[M]| < w, that is, the number of entities in the domain of model
M is finite, tuples ol entities which satisfy a property, Py, in M are finite (i=1,...,n, and let
P be Pq,....P). If we can make a model, My, such that the domain is the same as M, every
constant not in P.Z has the same extension as in M but, for some tuples of entities which
satisfy P; in M, in other words, for some elements of the extension of P;, only these tuples
are no longer in the extension of any P;, then we try to make other models from My in the
same way. This process implies making a model, M, from M; such that M; <Pi2 M,
Continuing this process similarly, obviously, we can finitely oblain a model, N, from
which we can never continue this process. From the definition of the minimal model, N is

a minimal model and [[M]}=][N]|. ]
Now, we clarify a limitation of circumscription on equality.
Theorem 1:

Forany Mg € Mod(A) such that [[Mp]] = |[[M]| for all M € Mod(A), and for any Ny €
(P:Z)min-Mod(A) such that |[[Ng]| = |[N]|ferall N € (P;Z)min-Mod(A),
if [Mp]| < @ then |[Mg]|=|[Nall.

Proof of theorem:

From |[[Mg]] < @, there exists Mg' € (P;Z)min-Mod(A) such that [[Mpl}=|[Mg']| (using

Lemma).
From |[Ng]| £ |[[N][forany N € (P;Z)min-Mod(A), |[No)| = |[Mp']].

While, (P;Z)min-Mod(A) € Mod(A), thereflore, from [[Mg]| = |[M]|for all M € Moed(A),
[[Mg]l = |[Ng]|.



Therefore,
IMg]] = [[Ngl| = [[Mg'l|=|[Mg]|, so we conclude [[Mg}| =|[Np]}. =

Theorem 1 states that if the least cardinal number of domains of models is finite, that
number is equivalent to the least cardinal number of minimal models. This implies that
if there exists a model whose domain consists of finite individuals, circumseription
expressed in the form of (1) cannot yield a new fact that varies the least cardinal number
of models, Finally, we show that the above theorem is also applicable to the

circumscription expressed in the form ol (2).

Theorem 2:
Let A, Ppand E be the same in (2). For any model M € Mod(A), there exists a model L €

Mod(A A Vx.(Pg(x) = E(x))) such that |[M]|=|[L]|, and vice versa.

Proof of theorem 2:
Let M be a model of A. Then we can get a model L by letting L agree with M on all
predicates and functions except Py and agree with E on Py, for Ppdoes not oceur in A. Of

course, |[M]|=|[L]. Conversely, any model L of A A Wx.(Pg(x) = E(x)) is a model of A,

therefore it holds.

Theorem 2 guarantees that adding Vx.(Pg(x) = E(x)) to A never causes a change in
cardinality of domain of a model. So we conclude {rom theoreml and theorem2 that there
exists a model whose domain consists of finite individuals, any circumseription
expressible by (1) or (2} cannot yield a new fact that varies the least cardinal number of

models.

Example 1 (continued): A structure, M, is a model of A1 such that M[Ab] = {M[a]} =
{M[b]}. Therefore, the least cardinal number of A1 models is 1. Also, the least cardinal
number of Circum(Al; Ab: b) modelsis 1.



Example 2 {continued): Both the least cardinal number of A2 models and that of

Circum(A2 A ¥x.(Pg(x) = —(R(x) = —=Q(x))); Po; R, ¢) are 2.

Example 3 (continued from Situation 2): The least cardinal number of A’ is 1 because
there exists a model of A’ whose domain is a singleton. If circumseription yields
Anonym’ & Anonym,

then the least cardinal number of its models must be greater than (and not equal to} 1, at
least. This conclusion violates the theorem. Therefore, cireumscription never states that

the anonym (Anonym’) will not be the former anonym (Anonym).

4, Related Work

Etherington pointed out that circumscription without variable terms cannot
conjecture “a # b” in the absence of any knowledge, while the default theory can [3]. Our
result shows that no circumscription can yield such inequalities (if it can, the least
cardinal number varies from 1 to 2). This results in the fact that circumseription cannot

subsume default logic.

5. Conclusion, Remarks and Future works

We have discussed the fact that circumseription is weak to prove inequality. Then,
how should we solve the anonym problem? At present, we are exploring two approaches to
iL. One is to make a new version of circumscription which enlarge the power in dealing
with each individual constant. The new version may operate in infinite domains as the
theorem suggests. The other approach involves a reflective operation which proves
unprovable facts from given knowledge. These rescarches will be reported as soon as they

are ready.
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