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This paper presents a reasoning system of incomplete knowlecdze and a coilesion of
belief revision from the model theoretical viewpoint. If we want to draw a conclusion
Trom incomplete knowledge, then we must use our belief to suppor: anv lack in the
kaowledge. Eowever, when some added knowledge causes inconsistency with a current
bellef, we must change it to keep consistency. In this case, we must decide how the belief
should be changed. This paper preseats & criterion of belief revision called minimal
change. Minimal change formalizes that we thange our new belief to keep it as close to
our previous belief as possible.



1. Introduction

In real life, we are usually faced with situations where we must draw a conclusion
with incomplete knowledge. For one solution to those situations, we use our belief (or
hyvpothesis) to complement unknown information. However, the belief is not always
true, and when the belief or some information derived Tom it is found to be false, then
we need to revise the belief in order to correct our knowledge.

The motivation of this research was to formalize the above situation, that is, to give
simple and clear semantics of a reasoning mechanism with incomplete knowledge and
belief, and to provide a criterion of belief revision. Several truth maintenance systems
{(TMSs) have been presented [Dovle79, Martins84, de Kleer36], but they mainly con-
centrate on efficient management in finding the origin of inconsistency {Doyle’s TMS)
or avoiding contradiction when assumptions are combined (Martin's MBR, de Kleer's
ATMS). There has been some theoretical research on these systems [Doyle83, Mar-
tins86], but it is mainly based on syntactical analysis and the formalization of imple-
mentation. In [Reiter87], there is some model theoretic analysis of ATMS, but it is an
analysis of aspects of hyvpothetical reasoning.

This paper presents a reasoning system of incomplete knowledge and a criterion of
belief revision based on minimal change. Minimal change of belief means that belief is
changed minimally when a contradiction occurs. When someone finds that his behef
is contradictory, he does not want to throw away his entire belief, but to change it, as
Lttle as possible, to restore consistency. This situation is formalized in terms of the
model theory.

2. Reasoning from Incomplete Knowledge with Belief
Belief should be satisfied under the following conditions.

{1) Beliefs can be combined to produce logical consequences.

(2} A belief does not contain contradictions.

(3} A belief must be consistent with known information (known information is called
"knowledge™).

Since this paper considers an ideal reasoner of incomplese knowledge and belel,
condition (1) should hold. If the belief coniains a comiradiciion, everything can be
cerived from the belief, so condition (2) should be satisfied. Condition (3) must be
satisfied because inconsistency of belief with knowledge means incorreciness of belief.
Taking these conditions into account, knowledgs is defned here as propositional sen-
tences and belief as a logical model of that krnowledge. Propositional sentences can be
considered to be a set of all interpretations which satisfy those sentences, that is, a set
of models and a belief can be regarded as an element of the sez.

In this paper, contradiction does not mean logical contradiction; knowledge must
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not contain anv contradiction. However, a combination of knowledge and belief may
cause a contradiction.



The formalization of knowledge and belief is as follows.

Let U be a finite set of propositional symbols. The set of well formed formulas
(this set is denoted by W ff) is defined belaw:

(1)U S WS,

(2) @ € Wff implies ~a € WfFf,

(3) a,f € Wffimpliesa 2 f € WfS,

(4) Nothing else is a well formed formula.

The following abbreviations are used:

(llaVv d==aD 3,
(e A f=={ad-8).

An interpretation is defined as a subset of /. Every propositional symbel in the
subset is supposed to be assigned to 1 or true. A set of all interpretations (that is 2Y)
is denoted as Q1. The relation "=" C Q x WFf is defined as follows:

Let I Q

(L) Hacelthan I meifael,

(2)fa=-fthenl =aifnct [ = 3,

(B)Ha=F>vthenl=aiffnot = for .

The fcllowing notation is also used:

Let € QandTCWff,I=TiflaforalacT,
Let € Qanda € Wff, T aifnot I k= a.

Reasoning from incomplete knewledze with belief is now defined.

" - . R ~ R . L Fl
True reasoning from knowledge is first defined. The relation =" C (02 x 2W//) x
W ff is defined as follows:

(IT)Faifl=Tandforall TeQ,fJ =T theaJ = a.
This definizien is similar to an ordinary enfeilment defnition.

. - & ma q " 5 H
Temporary reasoning from the belief is defined. The relation "= over ({1 x 2%/
¥ WFfis defned as follows:

(I.,T)  aiff I =T and I |= a and there exists J € { such that J k= and J }&

Q.

This definition expresses that even if knowledge I does not eatail query @, we can draw



a conclusion fram belief T.
3. A Criterion of Belief Revision

This section defines belief revision criterion based on minimal change. When new
knowledge is added, it may cause contradiction with a belief. I it happens, we must
change the belief to keep consistency. However, we must decide how we should change
it. Although we must change the part of the belief which leads to contradiction, we
do not need to change an irrelevant part, that is, a part whose change does not help
to restore consistency. This situation is defined as minimal change in terms of a set
difference between a current belief and a new belief.

A belief revision relation (BR) is a relation over O x 2W/7 x WFf x 1 defined
below:

(I,T,e,J) € BRiff

(WIET,

(2) J =T U {al,

(8)Feral K e Q, # K T U{a}and INJC K CIUJthenJ=K.

Informally, J is 2 model of new knowledge and an interpretation that is minimally
changed from I.

We write (I,T) =(J,I'U {a}) if (I,T,a,J) € BR.
4. Characteristics of Belief Revision

This section outlines the characteristics of minimal change belief revision.
Theorem 1: Let (I,T) =(J,TU {a}) and [ }= a, then J = I.

Proof: Suppose that I # J, it is shown that J coes not satisiy condition (3) of the
defnition. Take Jas K of (3). [T U{a} exdINJCICTUJ, but T £ J.

This theorem siates that if the curoent belie? s consistent with added information,
belief revision is not required.

Theorem 2: Let K be any subset of J — I and Ka be any subset of I — J. If (I,T)
=={J,TU{a}) and J £ (J — K1) U Kz then (J — K;) U K2 ¥ T U {a)

Proof: Suppose that thereexdsts K, CJ -~ Jfand A C T - Jand J £ (J — K1} U
K; and (J = K1) U K3 =T U {a}. It is shown that J does not satisfy conditicn (3)
of the definition. Clearly, INJ =IN(J - K;)sicce Ky NI = ¢. Let K = (J — K;)
UHKg,then K ET U {aland INJ=IN{(J-EKNCIN{(J-K) UK )=1In
KCKCIUK=JTU((J-K)UK)=(TURK)U{J-K))=TUu(J-EK)C
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IUJ but K £ J.

This theorem states that all changes of interpretation in the new belief are mim-
mally necessary for maintaining consistency.

5. System Overview
This section describes the system based on the above semantics.

Initially, the user gives knowledge (which is a subset of 2%//) and a model of the
knowledge as a belief (which is a subset of {1). Then the user asks a gquery (which is a
wif) or adds new knowledge (which is also a wif) to the system.

When the user asks guery a to the system, the system may answer in four different
ways (let the current knowledge be ' and the current belief be I).

(1) If the current knowledge entails the guery (that is, (i,.} = @), the system answers
" yes”.

(2) If the current Enuwlcxfgn entails the negation of the guery (that is, (I,T) = - a),
the system answers "no”

(3) If neither case (1) nor case (2) holds but using the belief makes the gquery true (that
ie, (I.T) = a), th.r:n the system answers "] EEJe"E

(4]} I neither case (1) nor case (2) holds but using the beli n:fma-kes the guery false (that
is, (I,T) B = &), then the system answers "] believe not”.

When new knowledge & is asserted, the system will react the following way.

(1) If the new knowledge is contradictory to the current knowledge (that is, (I,T) &= -
). it will be rejected.

{(2) £ the new knowledge is consistent with the curreni belief (that is, I = o}, the
current belief need not be changed by Theorem 1.

(3) I the new knowledge is not consistent with the curtent belief (that is, I & a), the
sysiem revises the current belief and changes it t0 a minimally cifferent beiief “woich
1s consistent with both the current knowledoe and the new knowledge. (The system

A~

finds a new belief J such that (I,T) =(J.T U {a}).)
6. Example

This section shows an example of belief revision, taken from [DoyleT9]. Consider
the time and place of a meeting. A meeting will be held at either 10 a.m. or 11 a.m.
and in either room 813 or 801. The set of propositions is;

U = {Meeting 4210, Meeting 411, Meeting [n813, MeetingIn801}

First, we give an initial belief, I, and initial knowledge, I's.



Io = {Meeting At10, M eetingIn313}
To=2¢

Iy expresses that we believe a meeting will be at 10 a.m. in room 813 (and not at 11
a.m. and not in room 301}, Currently, there is no knowledge, so the systern cannot give
a true reply, but it can answer a believed result. We ask "Will the meeting be held at
neither 10 a.m. nor 11 a.m.?” by giving the following query to the system.

xo = 0 Meeting 4110 A - Meeting Atll
Since (Iy,Is) = xo, the system will reply "I believe not”.

And we give knowledge. Since the meeting will be held at either 10 am. or 11
a.m., we give knowledge ap to the system.

ag = Meeting 4110 v Meeting Aill
Ty = {ao}

Since Iy = @y, the current belief is not changed. When we make the same query of
Xo to the system, this time it will reply "no” as ([;,[1) &= = xo. We assert that the
meeting will be held in either room 813 or 801.

ay = MeetingIn813 v MeetingIn801
rﬂ {aﬂsal}

I

Since Iy k= ay, the current belief is not changed. Then we find that we cannot use the
room 813 at 10 a.m. We give the following knowledge a2 to the system.

az = = (Meeting At10 A MeetingIn813)

T3 = {ag, a1, a2}

Since Iy & a9, belief revision occurs and the svstem tries to ind J such that ([p.T2)
a .. . . .

=(J,I'3). There are two minimal changed beliefs.

Jo = {Meeiing 411, MestingIng13
J1 = {Meeting 4:10, MeetingIn801}

(Note that Ja = {Meeting 4¢11, MeeiingIn301} = T3, but that Js is not a minimal
changed model sinee J; NIy © Jp (or J1) C J2 U Ip.)

The svstem selects one of them. Suppose Jy is selected. Then it is found that the
meeting cannot be beld at 11 a.m. We give that fact to the system.

a3 = MeetingAt11
]--I = {aﬂﬁﬂl1ﬂ:?ﬂ3}



Since Jy ¥ aj, belief revision occurs again and the system finds the following new
belief, I;.

I} = {Meeting At10, MeetingIn801}
7. Related Research

7.1 Doyle’s TMS

The last section shows that our system seems to perform the same tasks as Doyle's
TMS [Doyle79)] in the propositional case, but more simply and clearly. Since his TMS
concentrated on the efficient management of finding the source of contradiction, the
data structure became complex and as a result, formal analysis is very difficult.

[Doyle83] tries to formalize TMS in terms of nodes and uses a similar notion of
closeness of the state when conditional proof occurs. However, Doyle's formalization is
not to provide the simple semanties of his svstem, but to prove the correciness of his
mechanism of truth maintenance. Contrary to his approach, we first try to formalize
belief revision in a logical framework without thinking about efficient implementation
since we think that it is important to give a simple specification of belief revision to
analyze. However, his TMS may be useful for ecient implementation of our system.

7.2 MEBR

The Multiple Belief-Space Reasoner (MBR) [Martins34] is similar to our approach
because it is based on the logic called the SWM svstem. The SWM system is logic
which can manipulate truth maintenance in itself. The objects in the svstem are called
stipporied wifs, and consist of a wif and an associated triple (0T, 05, and RS). OT is
an crigin tag which expresses the tvpe of origin of a wif, OS5 is an origin set which is a
source of the wi, and RS is a restriciion set which causes contradiction if the wi and
any element of RS are in the current belief at the same time. It provides inference rules
which manage OT, 0S5, and RS in order to find and aveid contradiction. Like Dorle’s
formalism, jts inference rules are the formalization of an absiract implementation.

7.3 ATNMS

The ATMS [de Kleer36] concentrates on eficient management of multiple belief
spaces by avoiding contradiciion when assumptions are combined. [Reiter87] provides a
formelism of hypothetical reasoning of ATMS. Reiter formalizes that the ATMS answers
the simplest combination of hypotheses (called minimal supsor?) of a query. Although
it is not a formalism of belief revision, the semantics of hypothetical reasoning are very

clear and easy to analyze. Cur formalism also gives clear and simple semanties for belief
revision,

7.4 Nonmonotonic Reasoning



Nenmeonotonie reasoning[MeCarthy80, McDermott80, ReiterS80] performs a kind of
belief revision since a result which could be derived previously is no longer derived
if added information is inconsistent with the resuls. Of those formalisms, [Reiter80]
is closely related to ours. [Reiter30] defines a belief, called an eziension, as a set of
consistent formulas with axioms and default rules, and provides a mechanism to decide
whether belief revision is needed or not when new information is added. However, it
does not provide any criteria for belief revision.

8. Conclusion

This paper presented a clear and simple system which performs reasoning from in-
complete knowledge with beliefs, and a criterion of belief revision. It defined knowledge
as a set of propositions and a belief as a model of that set in order to answer every
querv from the user by using the belief. However, the belief is not always true and if
it is found to be false, that is, if it turns out to be inconsistent with new knowledge,
it must be revised. A critedion called minimal change was presented in terms of a set
difference between a current belief and a new belief. Minimal change formalizes that
we change our new belief to keep it as close to our previous belief as possible.
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