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Facrorizarion of uni-variate polynomials over finite {islds

Wazuhiro Yokovama

Tasxu Takeshima

Absiracet

The Berlekamp's factorization algorithm for uni-variate polvnomiz!s over finite
fields 15 enhanced in its sub-zigorithm: Distinct degree decompositien and finding
non-trivial facrors. The key points ara: (1) Determination of distinct degree factors
in advance by using the concept of p-distinct degree factors; (2} separsbility test for
an arbitrary non-trivial g in XernellTf-1) whare 11 is the Frobenivs man on
GFla)x]/{f{x}}; and {3} finding root reduction, that is, reduction of "finding roots of
the minimal polynomial Clx} of g" problem to "findins non-trivial factors of G{x)"
probiem. Faster GCD aigorithm can be urilized on account that dazrzs of tns
resulting facror is knawn in advance. Separability rest derermines how many
irreducible factors arc contained in SO, z-5) wher2 s is a root of Six). In
addition, it gives non-trivial factors without "finding roots” procsdure, even if

SCDAf, z-5) fails to produce an irreducible factor.
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The last contribution is concerned with "finding roots" problem. 'We can choose
the prablem to find our non-trivial factors of G instzad of the prodiem to find out
roots of 2. [t is noted that our algorithm assurcs that every root of S i nacessary
and sufficient to procsed further stens. The reason for this preblem reduction is
that GCD(f,B(g)) gives a non-trivial factor of [ for every B which is & non-trivial
factor of G. YWe norice that in separable case, the decres of O iz the number r of

irreducible facters {rsn), and in many cases re<<n is cxpected.

2. Cutline of the Algorithm. In this ssction we describe the ourline of an
improved algorichm based on Berlekamp's algorichm. Derails of each srens gre
mentioned in the latter sections. Let F be an arbitrary finite fizld GFig} of g-

glements and p denote the characteristic of F, e q iz a power of p

Algorithm Factorine a2 Polvnomizl.

[nput: a monie polvnomial f in Fix] where F is an arbitrary finite field of g-
elements.

Curpue: irreducible factors of 1.

I. Sgquare-{res dezompasicion.

Using derivative of { and finding slgorithm of g-th root of F, remove the
re;:-ea:y,ﬂ" factors of f, [ c.f. Seriskamp (1270] )

2. Distinct Degree Decomposition. { New DDD }

We describe some definictions needed in this steg.

The distinet dearee faczor of { with dezres m s defined as rthe prodoece af all

irreducible factors of [ with degres m.

The p-distinct decres factor of [ with degres m is defined as the product of al)

, : . L .
irreducible factors of f with degres p'm and i>0.
L 1. Deterinining Degress of p-Distinct Degres Foctors.
2.1.1. Compute the chezracteristic poiynomial Q{x) of 9 23 a linear monping

where T is the Frobenius mapping of an F-zizebra FixiAf(x!).



1. Introducrion. Ressurch of the factorization of uni-variutz polynomials over
finite fields is originated ro the algorithm of Eerlef-:ump. (1957). He published an
improved one in Berlekamp (1970) after the suggestion from Zassenhiaus. [ e.f,
Zassenhaus (1959) ) These two papcr have given a hasic framework to the research

of facroring algorithm. The fromework of his algorithm is illustrated in Fig. 1.

Fig. L.

us

Notable research contributions after Zerlezamp such as Moenck {1877), Lazard

{1978), Rzhin (1920} and Cantor & Zassenhaus (1281) are 21l devoted to improve the
algorithms in concern with "finding roows” sub-algorithm or to apply the methods of
"findinz roots" to direct factaring algorithms, We investizate algorithm steps mainly
before and afrer "finding roots" step, and added new steps to the current algerithm
to improve total efficiencw.

Several new sicps are Introduced, such as derermining degrsss of p-distinct

deares factors (DDPDF), p-distinct degree decomposition wirh known dezrees (PDDD)

and derermining dearess of distinct factors (DDDF), before DDD step so that the

fast GCD algorichm ( o.f. von zur Gathen (1984) ) should be applicable in DDD step
and all steps after DD,

Another stes for improvement is the testing seoarability { TS & FNTF ) before

"finding roots" step. In this step we check up the number of irreducible factors
contained in GCDIf z-5) in advance to the actual execution of GC2.  Moregver it
cives non-trivial factors withour executing "(inding roots" step, even if GCDIf,z-5)
should fail to produce an irrsducible factor. In more detail, scparability test is

annlied ta an arbitrary nen-trivial g in Kernelffi-i} where T is the Frobenius map on

CFigix]/(fix}). It screens out three cases; separable case, pursly insenarable case

and reducible case. In the last case, factoring fois reduced to factoring (s nan-
Bl 2z

trivial facsors, which are taken out "finding roots" procedure. in separabie case,

2l

GCDIf,z-5) gives an irreducible factor for avery roor s of the minimal polvnomial

af 2. In purely insaparablie cuse, GCDUf, 7-3) zives a product of ¢ irreducible

factors, for a known integer t, for every root § of thg munima peivaomial © of 2.



3.3. If G=G., then go to step 4. ([ In this case, g is said to be separabie with

w e

raepect o f, )

Otherwise, dzcompose C-O to distinct power parcs Gj. { In this case, 7 iz said to

b¢ insenarahle with rassect to f, )

. . . o . v ek
J.4. If there is only one non-crivizl nower parr le. L-D=!.L:t]l, then 2o to sten 5,

[ In this case, Gt=G' g Is said to be purelv insenarable with respect tw f and

t i5 said to be the mulciplicicy of 3. )

Ctherwise compute e.=SC3(f,C

| j[g}i for non=triviz] nower pares Gj. { In this

case, I is said to be reducibie with respect to fL )

'
or
+
2

Then g is separable with respect to 2y and purely inseparable with resoe

g with i=1. In each cases, [".-i is the minimal polvnomial of g with ressect to
€ So o step 4 with fel,Gi,g.'l instead of {f,G,2). { in this step, we can also
use OCD-alzorithms with a %nown degres of GCD, )

4. Finding Irreducible Factors of [, { FIF }

4.1, Find ali roots ci's of the minimal polyaomial G.

4.2. Compute H.=GCDIf,g-c.).

If z iz separable, then E-Z] is an irreducible facior of L
If g is purely inseparable case, then H, is & product of t-irreducible factors of

f where t is the multiplicity of &G, Then go to siep 4 replacing [ by -1
{ Similarly as in previous steps, we can use SUD-algorithms with a known

degree of GCDO. )

“We may choose the fallowin sren 5 instead of step 4,

Z. Finding a Mon-Trivial Factor.

]
)

5.1. Find 2 non-trivial factor 3 of G by some nrobanilisti
5.2. Compute H=CCDIf, Bz

If degree bel, then H is an irreducible factor { separable case ) or a produet
of t irreducible facrors { pureiy ingenarahble caosa ),

[l d=degree bsl, then H is a produc: of d irreducibls facrors of f { senarasis

czie | or a product of ¢t oirreducible factors of f



2.1.7. Compute the degrees ¢lm) of p-distinct degree factors with degree m
of { for integers m prime to p by using the fact thatr Q{::]='i—[[r{m-t}tfm] and
dlmi=meiml.

2.2, p-Distinct Dezree Decomposition with known deJress.

Use modified Berlekamp's DDD-2lzorithm. { e.f. Beriekamp (12700 ) Sut we

r

T
onlv have to compure GCO{f,x" -x) for intezers m prime to p such that tim} is

posizive, where m’=ptm anc pt is the maximal p-power in the condition that

pt;n.

Voreover we can uge GCD-algorithms with a known degree.

If rlmlen, then the factor obtained in 2.2 is the disuinct degree factor of
f with d2gree m. Then go to step 3. Otherwise go to step 2.0

2.2, Derermining Degress of Distinet Degrze Factors.

Use modified Gunji and Arnon's Method. ( c.f. Gunjl & Arnen (1981) )
2.4, Distinc: Degres Decompesition with known degrees.

Similariy as in step 2.2, use modified Berlekamp's DDD-algorithm.

By step 2, we can assume that [ is 2 producr of r irreducible fzctors hi,

l<i<r, with the same degree m.

3. Testing Sernaravility and Finding Mon=Trivial Factors. { TS & FNTF }

Ye describe same definitions needed in this step.
Ler ¢ be o non-triviai element of Xerneliff-1l. Then thers are ci‘s in F such

that g=c, mod b, for lsi<rn

i
The charzereristic nolvnomial Gy of g in Kernel(Ti-1} with respectr to f is cefined

= T _ . i
by Ga=l1i_; [x—cl] where g=c, mod h, and cieF.

The minimal solvoemizl G of 7 owith ressec: to [ olg defined as the monic

polvnomial of minimal degree such that Gizl=D med I

2.1 Tind a non-trivial clement z of KernalMT-1).

Ly

3.2. Compute the minimal polvnomizi G and the characroristic oalynomizl GD

of g with respect to [

b=



3. A New Distinct Degree Decompositior. Let f{x} be a sguare-frec and mionic

polvromial of degree n.  MMoreowver assume that fix) is a product of ¢ odistinet

; Lymim e Foars : ; seteln ey - ; F i Flact=T o |

irreducible factors ay, l<isr, with degres n=n; over F, Qe Flxl=1 !j—l"‘l and
1 ;=0 Consider the rinz R= FixI/(flx)) and Eil=F‘[:ci,-"[hi[x:l]. leier.  3v the
b & =

Chinese Remainder Theores we heve an isomaorphism of F-aloshrzs

R:E’v"la:'i,}fa.“uﬁr, Let ii denore the Frobanius mapning on 3, Lea TT[;]:;" maod f

for evary g in B, and | denote the identity om R. lioreover let ’E‘I’i. denptz the

Froenius meapping on E{i and t]. denote the idencity on E{i for l=izr. Then we can

-
1

identify T with 11 818,817 by TMgl=iT {7 JeTT (g )8 {2 ) for every g in R
= -

suciht thaot §=3,98,%...89_ whera g].eRi for leier

Mow we considar the characreristic polynomial (Ox) of il and O,(x) r"ﬁ'j far

l<i<r 2s linear mappings over vector spaces. Let Q be a matrix asscciated with T

=

=1 .
1, Lae. Q is the matrix defined by Berlekamp

_ %
with respect to the basis [1,65 00,5
(1287}, Then it follows thar Qxi=dec{xI-Q) whera | is the idenrity marriz.  First we

show the following theorem.

Theorem 3.1. Qlix}=!"§[£ {x
r o~ . ns ' .
Proof. First we show that Odxlsx '=1 for l«i<r. Let ‘L‘]'.li.‘:] be the maonic

minimal polvoomial of

--1
-
i
o
3
2
3
P
=
[n]
ﬁ
1]

4 W lce that R, is an alzebraic

extension fie!ld of F of degree n. From this and Fermat's Theorem, it foilows that
. in © his imolies ¢ Tran. So O fxtlxMi-l. Assum
g* -g=0 for any g in R.. This implies that IiTJ".F]' -.E-ii'. So t_;].[.‘{,,x -1. Assume

rea o of O (x} iy less than My i Q'j[li.:x 1-1, L=t -:_I‘.{xJ:-]

.i wr 1 __L! T .'!"::J—..
Then }__ {| 9 ﬁT‘ <% So for any g in R, J&j=-} J[ }= ?_hj LTS
of .

Let Q"ﬂxl—]_-_j-ﬂ g x° . Thasn Q'0g)=0 for anv 3 in R By Fermat's theorem
= o
J\.n'
H . . . s -— - .
{x™ —.\r.‘JEQ".l[x]. This contradicts the zssumption. Therefors degrze OQ'Ix)=n, and
8] .i xl=x 11, But dezres f.}].[:{]=n; and Q'i[xll[r:;].f_x]. Sinee both ".gj[_*{.l and f.__-'iIxf! ara

-1

monle, we conclude that Q'_Lf:::l=.’jj[x}=x
Now we consider Of(x). YWe rake anothsr basis as (oilows;

{'J:ﬁ...eC-eb.L eo.elleier and lejen.} whers
LE] = == 1
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mepeating 3.1 to ger % of degrae

inseparable case, to g=t a root s not indispensable.

step L

Tne out line of algorithm is {lluest

Fig. 2.

1 lead us to finding a root of G, But for the

rated in Fig.

For we have to re-select g

n



- SR L e _— - . g m . . .
So {x7-1H{x"-1 and this is a conrradicetion. Therefore (x7-11{x""-1} implies that

| — . — . . ;5 m -
s|m. Conversely assume s\m.  Then it fellows that (x7-1H{x "-1),  Sv separability
P ™ . (8
of (x7=1} (x'"-1) aas at most one {(x7-1) a5 2 factor.

Then for a positive int2cer 3 prime o n, the muitiplicity als) of [.‘{5-1] in 7 s

uniquely determined and glsi=}”__, timl So let _E;r{tfl?,...'l. £'=t[t’llt},...} and

w0

n Ar=At'sc wherc A is 2 marna defined by A=(a, i] guch taac 2. =1

— — L IIJ

for i!j ar 0 for oatherwize where | and | ars raken over all positive istsgers pricie

to p. Tihen A is an upper trianguiar matrix and det A=l 3o tis seiuricn of Ai=g
for t is wniguely determined. Hence the decombposition (s uniouely determined. #
“We present an algoricam determining p-deconiposition numbars timh Let

c=fML M ) be a suhser in {1,2,...,n] which consists of all elements prize to o

Algorithm Determining p-Decomposition Numbers of f.

: O |

Input: the characreristic polvnomial Qix) of i and the ser M.
Outout: non-trivial p-decomposition numbers :I!.\:.l].
[nitiafize: O, =7

=

. iy e DL RS o
Recursion: Comoute L[.'x-l.," g5 the multiplicity of (0 1-1FY i)

in Q]..

Twa proczsses of determing the characreristic pelvnomisl Cixi of il and derermining

p-decomposition numbar are cailad callectively the nrocess of derermining desres of

p-diztiner facrors (DDEDD),

(i} iz the number of

[}
w
H-
=
s |
h
"1
]
i

Now we consider the relation between tlml an

g

irreducible factors of f with degres . Then the following relation exists

i j ) ) ,
o° slp'm) for 2ny pesitive integers m prime to o

y LU olul el .

Froof. For znyv o, [2°-1)slx i -1 { ]. S0 by thecram IL.] and lemma 2.2,
|"';1'|=.=__ al ﬂi“-h'! 4 :---"=']“_ -..J- iV j—." -
t.- Fl '——j:-",'l _n_j ..;-SI,:‘ beulk i E J} - a0 boa,m f

&



Then the associated martrix Q' is as follows;

1Q,,0 .0 ,...,0 |
[0 ,Q,,0 ,...,0 |
Q=10 ,0 ,Q,,...,0 |
I : |
0,0 ,0 ,...,Q_1I.
whera Qi denntes the associated matrix of ‘T[j with respect to the bosis
[bi,j;[;j:ni}. Hence by the previgus argument and det(xI-Q)=detlxI-Q'), it follows
thac Q{x]=de:‘.‘:[-Q’}=ﬂiil de:tx]j—QiJ=rTj:IEx"T—1] where Ii is the idencity

matrix associated with [1. e

. 1 H - .
Mext we consider {x '-1). We use the following;

Definition 3.2, elm) and o{m} are defined for a nositive integer m hy

m=e{mjolm} where elm) and ofm) are positive integers, {p,olml)=1 and elm) is a power

of p. elml is said to be the v-oart of m and olm) is said to be the p'-part of m.

m olm) ,.elm e
Then x "-1={x l: ]—H {m) for a positive integer m. So by theorom 2.1, it follows

—
1,
i

100 }l_l}e{n;J
i .

r
that Qlx)=11."

l
Definition 3.3. Let t{m) denote the sum of F:{n.l}' such thar p'-part of n, Is m.

. ow= .om . olm . , , ) : . ,
Then Qix}=[] (x"-1) ! where the procduct is taken over all positive integsr m

prime to p.  We say chis decomposition the p-decomrposition of Oix) and t{m) the p-

decomnposirinon aumber af m of Ofx)

We show the unigusness of this decomposition.

Lemma 2.4. timl is uniguely determined for any positive intezer m prime to p.

. . L o= . & ..bisl . X . 5 m e
Proof. Assume that Qixl=[} (x"-1)77. First we show that (x*-1){{x""~1) iff
s|m for integars s and m which are prime to p. Rloreover we show that the

muluplicity of (x°-1) in (x™=1) iz one for t4e case s|m. Assume that {xs-!hl{xm-ll

and sfm., Let mstzeu and O<u<s. Since pfs, then (x*-1) is separadle. For anw

_.Is+u

LB . _— . . 7l u
rout o of {(x"-1} in the algebraic closurs of F, it fellows char ¢''-1 —lsc -1s0.



3y lemmz 3.§ we only consider the case t(m)ss. To odtain [ 5 _,
- i

e nesd o
. e e "
compura sip m).  We modify the merred of Gunji & Arnon [1251) to this cose.

- T y o [3 — ] - F'._J ¥ o
Inzr=ad of i, we nead o consider the Frohenius man T of F;.'«:iflr_,]:l.

L

Alzorithm Determining Deorecs of Disting: Factors.

Inpue: TP_ and m where t{m)sn,
ol =

iy - L - .
Outpue: s{pml of irreducible factors of § with degree p'm

= : : T , +
l. ror =0 to t wherz p 'm0 and _r:t l.'|::=-n,.

¢ ml ooy
compuLs vj=qjim Kernall 0 P "1 L
2. For j=t to |,

computz s(p’ "ﬂ-fv v, IER: sipim]‘i.f',:u"']{f:--l.!.

=j+]

3. For j=0,

comoute s{mj=v )77, F slpm),
07 k=¥

We show the correctness of this algerithm in the following, { c.f. Gunji & Arnon

(1931} )

- .y r . t , , P .
Pronosition 3.8, Ler y= {'-?D,‘.'I,...,v,] and s="{sirm).s(pml,....slp mil. Then v and s

satisiy the following equation;

As=v wpere the marrix A=(a, is defined by = .:nmm{]”".
a— 'J' "}1.' lI]-r.[‘ 'If'. '

Froof. By Gunji & Arnon {1981} Cor. 3.4, ‘-'[-__J 4 II|::'1‘ j...]ﬁlg

==t min{i,j]
'——j=|']

s[p‘ 50 by the above martrix A, As=v. Honee the solution ol
As=v for s is obtained by the above algorithm. 5
MNow we can degermine the distiner dzzree factor o bv the followiaz

|__.| a |IJ

wav,
"'*L,'h W i lere - - i i I ¢ A
Lat e the ser which consists of 2]l non-negative integer u such that sip ml

posicive ang Us{o :'3""'1‘:1:'} whers u

v g e €U Then we use the szme methad as

in the algorithm of p-distinct dezres decomposition.

Alearithm Distiner Deecrees Decomioosition wich Ynown desreas,

nput: the p-distiner dagres factor T of [ with degree o and



Definition 2.8, Let T_ =[] a, where the product is taken over all i such that
H

p'-part of M;is equal to m. [_ is said to be the o-distinct degree factor of [ with

Y

de=ree m and decomposition of { to p-distinet dezres facrors is said to be o-distinct

derrse decomposition. Thnen diml=degres ?n=mtim] is the degres of o-distinct

L

desres factor of f with degree m.

Ve present an algarithm of o-distinct degres decomposition with known degress
based on Beriskamp's DDD-algorithm. Let D:[dt’df‘""‘év} be the sar which consists
of ail positive inrecers d such thar tid) i= positive and v:Zl-cd n.udv. Morepver et

t : . o r : -
p° be the maximal p-power such that p <n. ( c.f. Berlekamp {1270),

Aldgorithm 3.02 )

Alzorithm p-ddistingt Degree Decomnposition with known desrees,

Input: feF and D=!:dl*d'ﬂ"“'d1.r}'

CTurput: ?d for lei=v.
b - w

L
F-{D‘.I {0}

Initialize: =fix), =

=x and dﬂ-D.

. . L .
Recursion: R“}={R[]_”}q ' mad Fh'”

%

= = t -
whare E{i.-__r: {di di—l

7, =eoFitt gy,

In the abave algorithm we can use a GCD-aigorithm with a Ynown desree of GCD.
Because we know degrae T'rn=dl.’m]=mt{'.:'.' for a positive integer m prime to n. We

describe GZD-algorithms with a known degres of CCTD in the lattern

Cefinition 3.7. Le: fr": be the product of all irreducible factors of f wirh

degree m. [ Iy said o be the disting: degres facror of [ with desrse m,

ek

Then the following holds.

Lemmz 3.5, If timlep then stml=t{m) and slo'm)=9 for i>1. 3o in this case,

1o



4. Testing Separability and Finding MNon-Trivial Factors. [n this section, we
consider propertics of roots of the Tagsenhaus's nolynomial.l e.f. Zassenhaus {1053))
Assume thar [x) is sauvare-fres and has r distinet irreducidble fectors hit:ﬁ with the
same detres m. First consider Xernaliff-I). Find a nen trivial polvnomial olx) in

Lernel{f?-1), i.e. z2{x)¢F, and fix it. Then there are ci's, l<i<r, in F such that

z=c, mod b, Again "separability" of g is defined in tne following,

Definition 4.1, The characraristic polvnomial G,j[.“:] of g wich respect to f is

defined by G (x~c,).

='|--. T
0~ i=1

Ceflinition 4.2. 7 Is said to be separzhbie with respect to [ 1 U, has no

is seoarable polymnomial over F. Otherwise g is said o he

=ultiple reoot, iz 4

g

ingenarahle with respec: o L

Definition 4.3, { c.f. Zassenhaus [1263) and Berlekamp (1973 ) The minimal

polvoomial, i.2. Zassenhaus’s polynomial, Gix) of g is defined as foilows;

. , , 2 1 r - ;
Since g bheiongs to Xernel(Ti-il, 1 L,2,2% .5 and ¢ belonz to Kernellii-ll. So by the

y i 4 . E. g T
fact that dim KernellfI-Il=r, there arz non trivial linear relarions berwsen lz,...,2 .

Im these relations, replacing g bv x non trivial polyvnomials are obrzined, Thies
there exists a polynomial Gix) uniquely such thar decree of G{x) is minimal and Gix)
iz monic. This G{x) is =z2id to be the mimmal polvnosuel of g with respecr to I

Mow we show some lemmas.

Lemma 4.4, ch.}=ﬂ for ¢, such that g{x]=c.! mod hj[x], I<ier. Rioreover se.

(¢’ yeensC'a) be the set of all distinct elements of G
Then G{:-:'J=H.l_1 {x-c',)

Proof. Set Hm-:":f (x-c'). Since Glg)=d med flx), Glc,)=0 med hylx} enc

Gfﬂi‘J::}. So Hix}|Gix), Conversely I—leg."-:-!f.c.l}-ﬂ mod h.ix) for lsi This implies

[
=

that Higl=0 mod flx) and G{x)|Hix). Heace Glx)=Hixl. 4
Lemma 4.3,

'} g is separable iff G,ix)=5ix).

{2} z is separzble ] degree Cixler=dim Xernellii-1].



u U’
{s{n"tm),... s{n" tm)),
Output: non-trivial distinct degres factors rpu-;,,-

;
Initiglize: F{D;-—TF and R'm-:i.

Uiy

P i L it .
Recursion: E‘ﬂn{?c{] !]']q ' mod F{’ b where k]=r-1u‘ m-p .

~ —[i- i
f,’.‘r"“ m:uCD[r . ”,.:3[]]--1]'.

fiy li-1
F :I=i' }.I'Tpl.;_-,. 3

Similerly as in the aizorichm of p-distinct degrzs decomposition, we use2 a SCD-

algorithm with a known degres.
Finally in this section we present a modified Dordin-von zur Gathen-oopcroft's

GCD-algorithm with a known degres. | c.f. von zur Gachen {1084) )

Alaorithm_ Miedified Bordin-von zur Gathen-Heoeroft's GCD with 2 known dearee.

Input: g, heFix] with degree g-u<v=dagrse A and wadezres GCDighl.

Outpue: GTDI(g,hl

I. Construct the w-th principal subrasultant matrix F'"‘r of (g,hl

2. Compurtz Yo Y e 10200 0 E e ] such that

[ - £
FW {}u—w-E"_"“FI}"_‘J—W—I'""zﬂ‘}_ {El.,...,ﬂ, 1.

==l yey-1
Hoat¥,. and r=z x
0 vow-|

Ser y=v et T

w1

J. Compure a=gy+nz a2nd a'=allesding coefficiont of a.

Return a' as the GCTD{z,hh

The w-rh principal subresgsulrant marrix iz az follows;

‘g, m, f
8oy 5, hy h, |
[ |
Pu.-=!5u-1.r+wd-1 B lv-mu.v-l h!.r-l

4 1
LR TP TR g-r‘. hE'.'J—L',-!—E N L [_

The corractness of the above algorichm follews from von zur Cachen (1232), Th L2



2y the zhove theorem, we present 2n alzorithm determining the minimai

sobvnomial & and the characteristic polvnomial T, of g with respect to 1,
B 0

Alaorithm Determining the Minimsal and Characreristic Polvnomizls.

Insut: gixlelernsliTl-1).

Turpur: the minimal palvnemial and rhe charocreriszic polvoomizl of g owith
respect to I

. . . 2 r

[. Find the maximal linearly independenc szet ‘=11,z - 1.
— . . r'+l

ind tha linear relation berween 1,37,....2 and maks the minimal palvnomial
Gixl. Hewurn Gix), If r'=r-1, then recern Six) as G_:Il'x.L
2. Find the basis ."*—fnr,j,,,!,...,g 1] by adding some elements to B' where 3,=2

Compute b“j:'j and Glx)=detlxl-M,)  Return G,lx.

In the rest of this section we present the precrocass of finding roots by using
the difference berween G{x} and GD[:\c]. Assume that {Z-U{x'a iz dzcormposed to distine:
power parts Gjix]', leige, fe. Gyixl=G,
I;icf;t. Then tae fellowing oceurs by lemina 4.4,

r_x:{GEcx;}g...cthn: ané GCD(G,G J]=1 for

Lamma 4,7, G{x'|=ﬂl'[1:"~3.2[- ]'"\"-.'ﬂ'
So if Glx) differs from Gn, we can usé Six) to decompose C-G{::.!I by the following

way. This algorithm need not diffarenciate C, so we can avoid the case dG/dx=0.

Alrorithm Distinet Power Decomnpoesition of G-}'—

Input: the characteristic polynomizl C-D and the minimazl polynomiczl G

Chucput: distinet power paris Gi of G-T

[mitializa: H’_‘l 0 and E'C{J:'E.
Decursion: H.=H, /15, ..
eoursion SR

O lats b9 ol

I-{.j v\-'u[ q!“-l..-lLJ

Mow o we show the usase of rhe distincr nower narts 5. of 3, ns o praorocess of



(3) If 7 is separadble, then GCD{f(x},z{x)-s) is irreducible for any root s of Gixk

YWe notice thar Gix) and G = {x] are comnletaly zplited in F.

Mow we present a method determing the characteristic polynomial Gﬂ[x} of
with respect to f. [ We notice thet if g is separable, then Gy (x}=C(x). ) Let

{Eﬂ*gt’gz'gﬁ“"‘g.—-l} be @ basis of Hernel{ff-1} where gﬂ=1 and 2,72 Then there are

< J."s in F such that 21=¢; i mod hj for Ozi<r-1 and lzjzr. We notice that
T 1 - T
c. .=l and ¢ =c; for i:i;n oreaver sincs gigj belongs to Xernelffr-1), there are

1,i
S I s ===l [1] - _— . .
b s In F suzh that g.g.-] b0 ],,g, mod f for Osi,jsr-1. So matrices

bm

Mi ere defined by M.i=lf Then Mi's arz r r matrices. We show

}Du her-1"

the following theorem.

Theorem 4.5. dee( xI-M, ]=ﬁjL!x-¢i i

Therefore denl!xI—M.l] iz the characteristic polvnomial of g with respect to f

Proof. There is a one to one correspondsnce herween Kernellli-I) and a r-
dimensional vector space W over F as follows;
A polynomial H in KernellTi-1} corresponds to 2 vector 5={HD,H1,....Hr_I} in ¥/ such

that T—E-]::l:éI Hox

Then we show that Hg,]. corresponds £o FM
Baran = _"—J'l i ..,-..,- --r' i ="‘T‘| l lfr{i:l
Secause Mg _}--Iﬂﬂ H, --J ! f }: _| .{:.r =g Er 20 P 12,

This impli=zs thar Hg.l corresnnnds o EM.L

Since h],...,h and hr are pairwise prime, there are polynomials .f't.j{xi and E.J.{xi

r-1

;‘“hj—1”j+1"'“r+ajhj=1 mod f. Set H.-..Hi...hj ]hj+1“'11

Then 5].=! mod h, and Sj={} mod ht for t#j. MLioreover S}. beionzs to Kernelff-l. So

such thar .-"'-.-i:'l

. . -1 e
5 in F such that S.-]__L,E,:I S k3 Set b.-{ o

_S_J-iM.L-cj jH‘ Then Ej{Mi-ci .i” corresponds to the polynomiai S[,.]-{ (xl-c, ;] mod f.

ol 1 ] har moix)- = i I ] ;S..' g ARI-C. =L, =2, =
Out it follows that Sjiﬁ:]f;i,x] Ci,j] 0 mod ":t for t# and f[‘“”:".{ !lr‘l'!] CI.I FJ,J by

mod hj‘ So Sj[xk[g:[xﬁ-ﬂ:] jll:ﬂ mod . This implies thar §j[M;—cj jﬂ:ﬁ. e §j is an
=n vectar of Ml‘ 31,...,5

V. Consider
i,r-1

ry and 5 are lingarly independsnt, Hence the set of
all ajzen vajves of M.I i5 {ci ;l<ier), From this, we conclude this tnesram.

14



Compuie ::;=';:~=:DH,",'-1 zh.
Returan C,(x), e.0x) and a sizn "separable” or "npuraiv inseparable" according to
i i :

=

i=] or not.

-

Semark 4,10, (1) If the number r of irreducible factors of [ (s niors then the
number of elements g of F, then g can not he separable for any g in Kernel{Tl-1).
(7} 1f r=g, the ratio of separable elements in Lernellfl-I) is as follows;

alg-1h..lg-r+1)/q".

In the next secrion, we consider the st=n of Finding Hoots and Finding Mon-

Trivial Facrtors.

5. Finding Irreducible Factors and Finding Mon-trivial Factors. In this section
we use the same notations as in pravious s=ction. Consider zlzorithms determining
irreducible factors of f bv using Gix) or G]{x'.l obrained by previous stens. There
are many discussions in the problems of finding roots and finding non-trivial factors
by GCDMf,*). We do not present a new method of finding rogts, But under the
essumption that there is an efficient algorithm of findinz roots, we discuss our
metiod determining irreducible factors. Moreover we nresent a method which
derarmines non-trivial facrors of f by using non-triviai facrors of S, F[irsc we show

the following

Alzerithm Finding Irreducible Factors of Sesarable Casa.

Impur: feF(x], gaXernellt!-I} and G where [f,3,Z) is 2 separable case.

-

Dutput: irreducible factors hi with dezree m of § for l<i<dezree G,

L
-

. Find all roors ci’s of Gix} bv some finding roots algorithm.

2. Compure i}iz-GCD{E,g-c]} bv some GCTD-algorichm with @ kXnown degrees,

Insur: feFfxl, meilernelfil-I), G whare (f,2,3) is 2 purely inseparable cose and



finding roots. Again "purely inseparabilicv" is defined as follows.

. : . . . T
Definition 4.3. g is said to be purclv insznarable with raspect to O G_,\_=[Gt,'l

for same t>1, i.e. G ={G}" and t is said to be the multinlicity of G, [ g is
L

inseparabls but not nuerely inseparable, 2 Is said o be reducible with ressect ro f.

So therz are three cases; separable case, purely inseparable case and reducible caas,

Then we get the following

emma 4.9, If z is reducible, then we gar the non crivial facrars E.lirc‘.' of fix)

for non trivial power perts G; by the following; ej-GﬂDH,Gl[g'.h!'T l".]. whers the
product is taken over all hj such that C-i{cj]=-ﬂ.
m degree Gi' { 50 we can use ID-alzorithms with a known

]
=
]
]
L
o]
=
[
0
]
]
4]
ih
i
1]

daares, } 1 is zeparable with respecr to e]{xll and purely inszparable with respect

) Cl with i= L.

Froof of lemima 4.9 follows fram lemma 4.4 egnd lemma 4,3, From this, we have

the following algorithm.

Alrarithm Testing Sesarabilicy and Finding Nan-Trivial Factors

Input: g in Xernslitd-I.

Cutput: (2} the minimal palynomial G{x) and 2 sign "separable” if z is separable,
fb) the minimal polyvnomial Gixl, the mulcipliciey ¢ and a sign "purely
inz=narable” if g is purely inseparzble and ‘:}D-G:

or {c cach mon trivial distinct powsr part Gj{::}, the non trivial facror

c]{x] associated with Gj and a sizn associated with 2 and GI if = is

reducibie.

-~ .

l. Comoure the minimal polvnomial Gix) and the charszcteristic pelyvnomial Ty he
of g with respect to L
o IF C-:Gw then return Gix) and a2 sign

for t=1, then recorn X, toand a sign Mourelv insanarable”,

3. Compure Lhe non-trivizl distinct power Darts f‘.-] oF :;RT

15
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the multiolicity = 1.
Cutput: non-trivizal facrors !-Ii of [ with degres mt for l<i<degree (.
. Find all roots -:‘E of G{x) by some finding reoots algorithm.

2, Compure H,=5I0(f,z-¢".} by some GCD-alzorithm with a known degrae.

Mexr we show a method determining nan-trivial factors of [ by nen-trivizi factor

of G. We nave the followirng, | c.f. lemma 4.9 )

emma 5.1. There is a correspendance [rom non-trivial fzacrors of & to non-
trivial fectors of  as fallows;

For a non-trivial factor 2(x} of Gix), GCDIf,5(2)) is 2 nen-triviai factor of ¥ such
that GCDUF,3a))=11 h.l where tne product is taken over all hi with E'.{ci]r-l

dioreover degres GCDIF,3(z))=m degree 3 where m=degres ‘nj if g is senzrable and

GCINE,B(z)l=m t degres B if g is purely inssparable.

Hence we can reduce finding non-trivial fector of f to finding nen-trivial factor of
G. For example, we modify Cantor-Fassenhaus's method. { c.f. Cantor & Zassenhiaus

{1281) )

Mlgorithm Finding a Men-Trivial Factern

Input: feFix], geXernelifl-I) and C.
Cutput: & non-rrivial facter of L
l. Choose blx) randomliy such thar l<desres ber=degree G.

2. Compute E-=GCD[5_:3[‘!'T”3

-1}, If B is noc noncrivial,cthen return to step L
Otherwise 7o to next step.

3. Compute Y=5CDI3(g)). Return H as a nan-trivial factor of f.

13



a uni-variate polynomial [ over a [inite field F

L

soure free decomposzition

-
distinct desree decomposition

“EF
finding a non-trivial g in Rernel{ I -1}

)

finding roots s 5.t. GCD( f,g—s ) are non-trivial

L

compute GCDC( f.g—s )

!

irreducible factors eof f

Fig. 1.




