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ABSTRACT

A mathematical foundations for formal semantics of term relations [Yokota et al. 85) is
presented. A term relation iz a basic data structure of a relational knowledge base. It is an
enhanced version of relational model in a database theory. it may include syntacticaily complex
structures such as terms or literals containing variables as items of relations. The items are
retrieved with operations called retrieval-by-unification. We introduce as a semantic domain
of n-ary-term relations n.T_.RELATIONS and define a partial order on them. We charac-
terize retrieval-by-unification operations as operations on n.T.RELATIONS with monotone

{unctions and greatest lower bounds.

1. [ntroduetion

The Fifth Generation Computer Systems (FGCS) project in Japan aims to develop inference
and knowledge base mechanisms to implement a knowledge information processing system. In
the intermediate four-year (1985-88) stage of the project, we plan to develop prototypes of
knowledge base machines. In the first three-year (1982-84) stage of the project, we developed
database machine Delta [Kakuta et al. &4] to investigate techniques for fast retrieval from a
large amounts of data. But each item in relational databases only represents an element of a
relation defined on a finite domain. In other words, it can handle only the fact elanses of Prolog.
We need to handle more complex structures ineluding variables such as rules and S-expressions
of LISP in our knowledge base system besides fact clauses. In [Yokota et al. 85|, we introduce
a relational knowledge base model. Relational knowledge bases are sets of term relations. Each
item in a term relation i3 a term, containing a number of variables. The system presented here

handles complex structures of knowledge such as Horn clauses or S-expressions on them. A



number of new operations called retrieval-by-upification (RBU) operations to retrieve them are

introduced.

A very large knowledge base system are shared among a number of users. The information
stored in such knowledge bases is accessed by many users. In order to share software libraries
or databases, their specifications must be precise and easy to anderztand. This is the case
for knowledge bases. Therefore, knowledge representation languages must have unambiguous

semantice. In this paper, we present mathematical bases for formal semantics of term relations.

Section 2 is an outline of a relational knowledge base with data structures of term relations
and RBU operations. We intreduce n.T.RELATI ONS as a semantic domain of n-ary term
relztions and define a partiai order on it in Section 3. It iz shown that the domain is a lattice
with a partial order. In Section 4, RBU operations are characterized as operations in the

semantic domain using monotone functions and greatest lewer bounds.

2, Data Struetures of Relational Knowledge Base

The hasic structures of relational knowledge bases are term reiations, le, finite sets of

tuples of terms.

Def.1 Let Var be a set of variables, Fun be a set ef function symbols. Fuo is o finite set,

Var is an enumerably iofinite set. Each element of Fun has a specifie arity.
Def.2 Let Terms be a set of terms defined as follows:
(i) if t €Var or t € Fun and ¢ is a O-ary symbol, then t € Terms.

(i) if ty,...,tn € Terms{n > 1), f € Fun s n-ary function symbol, then

flty,.. tn) € Terms.

Def.3 A mapping ¢ : Var — Terms is called 2 substitution if it satisfies the following

condition:

L ={<za0r>|ozzzcVar}, then L is a finite set.

We expand the domain of substitutions {rom Var to Terms.

Def.4 For cach t € Terms, ot is recursively defined as follows.



oz :t=z & Var
ol=+c¢ :t=rc € Fun and is a 0-ary symbal
floty, ... oty) 4= f(t1,...,ta), f € Fun, t; € Terms

We treat an n-ary tuple of terms as a kind of term. The principal functor of the term is a

special function symbol not in Fun,

Def.5 Lot ty,....t+ & Terms, f i3 a special n-ary function symbel ot in Fun.

[ty ta)

is called an n-ary tuple. This is usually written simpiy (t1,.. ., ).
We use the notation n.Tuples for the set of all n-ary tuples.

The definition of a substitution is extended to a mapping n_Tupies — n_.Tuples. We can

define a unification between tuples in a simiiar way for the case of terms.

Def.6 For t = (ty,...,0a),t" = (t1,.. ., tn") € n.Tuples, t and ¢’ are unifiable ifl there exist
a substitution o such that,

{ﬂ.tlr e 'sﬂn]' = {Ut11r EERT] ola I}'
The most general unifier of two tuples ¢, and t is written mgu{ty, t2).

Def.7 Let T be a finite subset of n_Tuples, T is called an n-ary term relation. n.T_Relations

is the sets of all n-ary term relations.

Def.8 A mapping p is called an extended permutation when p is a (partial] one-to-one
mapping oo integers, e.g. from {1,...,n} to {1,...,m}. eperm, . is the set of all extended

permutations from {I,...,n} te {1,...,m}.

Def.9 For a given p € e_permp m, the mapping rp:n_Tuples — m_Tuples defined as follows,

is called a reconfiguration .

rpit:t: + "":'t'lr"'ltl"l} —_ {t]'l v ':tf:lr---::m’}

where ;" = t; if p(f) = 7, otherwise t;' = z, where z is a new variable that dose not occur

elsewhere in (t,°,...,¢t,",..., tm").
Now we define retrieval-by-unification{RBU) operations on a set of term relations.

Def.10 (1} For a given p € e_permn m, the projection operation projecty:



n T _Relations — m_T_Reiations is defined as {ollows.
project (T) = {tit = ry{t"],t' € T}
(2) The unification_restriction operation u.restriction;:
1.T_Relations ¥ n.T_Relations — n_T_Relations is defined as follows:
u.restriction(Ty, Ta) = {t|ty € Ty, tz € Ta, 2 = mgu(ry(ty), =)}

where p € permy o, p(l)=idaadn =i 2> 1.
(3) The (natural) unification join operation u_join, ;:

n. T.Relations % m.T_Relations — n + m — 1. T_Relations is defined as follows:
u.jaiﬂi,J'[Th TE] = {:izl £ Tnl'z E Tﬂrt = mpu[r,{t;], Tq{tﬂ]}

where p € perfin ntm—1,Plk) = kln > k> 1) and g € perMmm ntm—1,

n+l if [ < 4,
gll) = {i it =1,
nl—1 it 1> 5.

Example.l Let [,y & Fun be l-ary symbols, and a,b € Fun be O-ary symbols,

Ik, Yk, 2k Ui, Ve £ Vor for k=1,1

For
Ty = {(flz1),a), (Fglya)), 1), (o F(11)), @), (glea), va)ds

T2 = {{g{f(2)))},
Ty = {(a, f(z2)), (f(¥2}, 2},
project,(Ti) = {(/{z1)), (F(o(ya))), (9(F (1)), {g(va )}
u.restriction, (T2, T1) = {(s(S (&), &}, {o(S (8)), (21}

u‘-jn-‘lﬂi.l[rll TJ] = {{f[zl}l a, I{IZJ}I [fl:g{yl :I]l a, I{IE}L
{y[f[ul}:ll a, f{zinr (F{“}J ﬂ'rf{zznl
(f(gtya)), Slyz), wa)i (9(F (v2)), flya), wal}

where p € e.perma 3, and p(2) = 1.



[n [Yokota et al.85], as an application of RBU operations, it was shown that resoiutions
in logic programming are performed by storing a set of Horn clauses in a term relation. A

{definite) Horn clause in DEC-10 Prolog syntax

F: _QIFQZJ"'JQH

is stored in a term relation as following 2-ary tuple of fellowing form:
(cons(P, X), cons(Qy, cons(Qa, cons(-. ., cona(@a. X)) . )))

where cons is 3 new function symbei for making LISTs and X is a new variable. In the syotax

of DEC-10 Prolog, it ean be written as follows.

(IPIX], (@1, Q2 - -, @i X])

Let D be a term relation that stores definite clauses thus:
{(1PX1), (@11, @12, - @1,m, 1 X
(P2l Xz], (@21, @22, - - - @ayng [ X))y -,
([P X, [@em,1) @mi2: - -1 @, 1 X ]}

and < be a term relation representing a goal clause,

G = {(|G1, Gz, ... Gi|)}

Let the result of unification_join of D and G be T;. T} is as follows.

Ty = u.joiny y(D,G) =

{([mﬁutpi rG'l]r r:riG=| ST alGJ]- |51Q1,115IQ1.2: =g ﬂ-lgl.ﬂ-u ﬂ.lcﬂa Y] GH_G] ]]P
(Imgu( P, G1), 026G, ..., 02G1], [02Q2,1,02Q2.2, . ., 02@2,n,, 0262, ..., 2GI]), ..,
(,mFumeJ GI]: EmGiJ vy amGﬂ]l [ﬂQO,Ia Urﬂ@‘m,in T ] ﬂ'QO,nm:UmGEr .= -.Umcr'ﬂ}

where 7, is a substitution such that

oiPy = ,G, = mgu(F;, G1).

The second attribute of each element of T, corresponds to the resolvent derived by the first

step of input resclution. Next we invoke the unification_join operation :

Ts = u_joiny 1 (D, projecty(Ty))



where p € e_permy 1, p(2) = 1. Repeating this, we continue to derive resolvents. The empty
clause is arrived at when the second attribute of some tuple is an empty list. If we record the
sequence of substitutions through this process, we can derive the result directly by applying the
composition of the substitutions in the correct sequence to the variables occurring in the goal

clanse.

3. Semantics

[Yoshida et al.85] showed that the semantic domain of terms iz a complete lattice. This
result can be extended to n_Tuples. First define the semantic domain of n_Tuples, a complete

lattice with a partial order.

Def.11 A substitution o is called a renaming, when it is 2 one-to-one mapping oo Var. The

set of all renaming is denoted by E. The binary relation ~ on n.Tuples is defined as follows.

Def.12 For any ty,ta & n_Tuples,

t, ~t2 1l 3AC E,t; = Ala.

It is easy to show that =~ is an equivalence relation on n.Tuples. A semantic domain

n.TUPLES® of n_Tuples iz a set of equivalence clazses of ~.

Def. 13
n TUPLES = {(C.{a)la € n_Tuples}

nTUPLES® = nTUPLES U {] .}

where
C.(a) = {t|t € n_.Tuple,t ~ a}.
We define the binary relation = on o TITPLES® as follows.
Def.14 For any ry, o € n . TUPLES"®,
nCrm
iff
Vi, Em,Vig € my, 30 € Subty =vctzorty = |,

where Sub is the set of all substitutions.



The relation T, is a partial order and n.TUPLES® iz a complete lattice with C, [Yoshida
et al. 85]. For ry, 3 € n.TUPLES®, the greatest lower bound of vy and 73 is written 1 T, 2.
It is equal to C,.(mgu(t,, t2}) for ¢y € 7y and 3 € 7. Next we define the semantic domain of

n_T_Relations.

Def.15 n.T.RELATIONS is defined as follows.
TEnT.RELATIONS
iff

T iz a fnite subset of n.TUPLES®, and ¥, ¥rz €7, 1 T, rp implies 1p = 12,

In other words, the elements of n.T. RELATIONS are sets of maximal elements 1o some

finite subset of n.TUPLES"®.

Def.168 The binary relation C oz n.T_RELATIONS is defined as follows.
e EYVneET, I3 €Ty,n B 2
Proposition.l The relation C is & partial vrder on n.T_Relation.
Def.1T We define binary operations (1 and U on n. T RELATIONS as follows.
TNG={rin €N, neh,r=r N 1V €NMNT,r C 7 implies 7 = r'}
U= {rlr ETUT, V7' €TiUTe, 7 E 7' implies r = '}

n.T.RELATIONSES 13 closed under both [ and |J operations. Next, we'll show that [ is
the greatest lower bound operation and |J is the least upper bound operation over the partial

order C .

Lemma.l For any T, RE n.T.RELATIONS,

T1HT2;T1 and HINEET:.

Lemma.2 For any T, T, Tee n.T.RELATIONS,

If TCT, and TC T, then TETINT:.

Proposition.2 7377y is the greatest lower bound of Ty and Tz over the partial order cC.



Lemma.3 For any Ty, e n.T.RELATIONS,

Tl and T2ETILUTZ .

Lemma.4 For any Ty, o€ n.T_RELATIONS,

If HCT and RECT,then TETILT: -

Proposition.3 For all T, Tz n. T_.RELATIONS,TiUT; is the least upper bound of T; and

Tz over the partial order C.
From Proposition.2 and Proposition.d it is easy to establish the conclusion.

Theorem The domain n.T.RELATIONS is a lattice with the partiai order L.

4. Semanties of RBU operations

In this section, RBU operations are characterized as monetone functions frem n. T RELATION 5
to m.T.RELATIONS, or compositions of greatest lower bounds operation. First we intro-
duce PROJECT, functions from n.T.RELATIONS to m.T_ RELATIONS corresponding
to project,:n_T_Relations — m_T_Relations for a given extended permutation p. Then the

fonctions corresponding to unification. restriction and unification_join are defined.

Def.18 For given p € e.perm,, a mapping PROJECT, : nT.RELATIONS —
m T.RELATIONS iz defined as follows.

2 il T=0
PROJECT,(T)={{Ln} if T={L,.}
{rin €T,t € m,7 = C,(rplt))} otherwise

Proposition.4 For any p € e_perm, ., and T;, o€ n. T RELATIONS, if T £ Tz then

PROJECT,(T;) C PROJECT,(T:).

Functions eorresponding to unification_restriction and unification_join are defined as follows.

Def.19 (1) For 12 1.T.RELATIONS and T;€ n. T RELATIONS n =1 2 1,

U_RESTRICTION T, T2) = PROJECT,(T))NT2

—8 —



where p € ¢.permy o, pll) = 1.

(2) For i€ n.T.RELATIONS and Tz€ m.T.RELATIONS n2iZ>1, m2>3 21,
U.JOINi;(Ts, Ta) = PROJECT,(T;) 1 PROJECT,(T2).

where p € e.perma, m+n—1,Plk) =k,
g < e.PerMm mean—1,
ntl if 1< 7,
gll) = l{ ifl=x,
n+l—1 if 1> 3.

Example.2 Let Ty, Ts € 2.T.Relations, and T, € 1.T_Relations,p € e_permy, be similar
to Example.l. Ty, Ta€ 2.T_.RELATIONS, Ta€ 1.T.RELATIONS corresponding to Ty, Ty

and T are as foilows.
Ti= {C,((f(z1), ), C-((f(g(r1)), 21)), Crllgl f(ur)), a)), Crl(glvs) 1)},
Ta= {C+((g{S(B)N}.
Ta= {C,((a, J(z2))), CoA( fly2), !m]]}

Let Tpse€ 1.T.RELATIONS, Tyu€ 2.T.RELATIONS, a1d Tjoin€ 3.T.RELATIONS

be semantics for project,(T:), u.restrictiony(Tz, Ty} and u. joing  (Ty, Ta) respectively, then |

Tose={Ce{(f(z1))), Cellglvs}))}
Toet= {C.{(g( (b)), )}, C.((g(F (), S(EIN)}
.r;'i'll"IE

{c\"[{f{rljl a, I[IZ}]}: CT{{.?[‘:] v 8y f':izmr C"[{g[!{u! ]}- a, .ﬂ:i]}
Co((f(a(y1)), flya), wa)), Crllg(fy2)), flyz) w2)i}-

We can show:
Tpse= FHEJJECT,[T;]
Test= PROJECT(T2) T
T'n-l'n-'_- FRDJECTF[{Til 1 PRDJEGTFQ{TEI

3

where q © e_perm, 2z, g9{1) =1,

and rl € e.permga, rllk) =k,

— —



r2 C e permg g, r2(l) = 2,r2(2) = 3.

5. Summary

A mathematical foundation for the semantics of a relational knowledge baze was deseribed
in thiz paper. We excluded discussion of Lhe domains of each term in term relations. lo this
project we plan to develop a kpowiedge base system that handles a variety of knowledge objects
unifermly. The kpowledge handling programs and the consiraints on the knowledge in the
system are also stored in a meta-knowledge base in the form of term relations. Each term in
the meta-knowledge relations would be RBU expression. Thus, the domain of these terms is
nT RELATIONS =+ m_. T RELATIONS. When discussing the semantics of the knowledge
basze, this correspondance between the domain of terms and the domain operations must be

considered.
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