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ABSTRACT

It [1]. we showed how to construct a Boolean Grobuer
base of a finitely generated ideal 1 a Boolean poly-
nomial ring. A Boolean polvnomial in BiX,,..., X,
Y., Y, ) i also considered as a Boolean polynomial
in B{X,,..... G Y7L ) with vanables Yo,
Yo over a coetlicient Doolean ring B{ X, ... .. ¥, 0. Let
I be an ideal in B(X,,....X,,.}},....Y,) and G be
its Boolean Grobuer base. For any substitution 8 of el-
ements of I to the variables X, ... No. 18 forms an
ideal in B{Y, ... Y, ) In this paper, we prove (i) G
15 ulso a Boolean Grabner base of T8 and (i) for any
Boolean polynomial f o DX, L. L D Y
FOlesn = (fle)l.

1. Introduction

We assume that the reader is familiar with the theory of Boolean Grobner base which is

described in {1].

Let B be any Boolcan ring. A Boolean polynomial in a Boolean polynomial ring 8(.X,,. ..
X Yoo X with variables Xy X YL Y, can be considered as a Boolean poly-
nomial in a Boolean polynomial nng with vanables Y, .. . ¥, over a cocllicdent Boolean
ring B(X,,..., X}, which is expressed as B(X,,. .., X0}, ..., ¥,

Lemma 1.1
Let [ be an ideal in B{X,. ... . X, Y1, .., Y.} und # be a substitution of clements of B

to the variables X, ..., X,,. Then {f6|f € I} forms an ideal in B(Y;,...,Y,) which is
denoted by I8,



Proof: FEasy to check. |}

In the rest of the paper, we fix an admissible tatal ordering on monomials consisting of

variables ¥7,.... Y.

2. Universal Boolean Grobner base

Definition 2.1
Let G = {qm A5t ge ATy | be a Boolean Grobuer base in B{Xy,..... A PERTS ST

and # be a substitution of elements of B to varables X, ., X,

We define G0 S {(g:f)4; = (46) g0 # 0

Theorein 2.2
Let & be a Boolean Gribner base of a finitely generated ideal 7in B(X,,... X, )(¥,,...
.Yy ). Then G# is also a Boolean Grobner hase of I8 in BiY,, .. Y, ).

Theoremn 2.3

For any Boolean polynomial fin B(X,,... \,,.17...., Yalolffh e =(fle)8.
In order to prove these theorems, we need the following lemmas,

Lemma 2.4
For any Boolean polynomnal fin BIX,. .. .. Y. 1. ... Yo )i if fis irreducible by =¢;, then

f8 s also irreducible by =4 for any substitution 8.

FProof:

Let f = fo+fidi+.. .+ 1A where A, 1s a monomial of Y7, ... Y, and LEeBX,,.. .. X,
If f is irreducible by =g, then for each ¢B 4t € G gf; = 0 for any ¢ such that B C A4,.
Sinee gf; = 0 implies (gf){ f,#) = 0, f# is also irreducible by G4. |}

Lemma 2.5
For any Boolean polynomial f in B(X,...., X, Yi,-..,Ya), (f8)las = (f16)6.

Proaf:

Since we have not proved that G# is a Gribner basé._ {f8)l e denotes one of irreducible
forins of f8 by =»ge. Given a reduction f =, f; =, ... =g feby o, gy in G where

—9_



fi iz irreducible by =»¢;. Let fi = p(X;,. .., Xp)AB + S and gip = ¢( Xy, .... X4 @ T,
where p(Xy, o, X gl Xy X ) € B{X . A0, SSTCBX, . oo, X Yiun o Yoy
A, B are monomialsof Y1, Y and p( Xy, X,0¢( X, ..., X)) # 0. By the definition of
g oo = PO X)X X ) ABp( X X gl Xy, X ) BT4S.

There are two cases to be considered.

Case 1 (p(Xy, o X )8 g( Xy. ..., X8 =0
Iu this case, fi6 = f 1 #

Case 2: (p{ X}, ... X 8 gl X, ... Nl £ 0
I this case, f;@ =gt figrt

Therefore we have a reduction from f6 to {8 by using =qe.(If Case 1 occurs for each
i. f8 = fu6.) By Lemma 2.4, f,6 is irreducible by =>5o. Hence f,8 = (ff)lee e
f_li-l(J-}ﬁ = I{Iff}]l“'#.

Proof: of Theorem 2.2

Note that it suffices to show the following.
(i) I6 ={GH) where (G denotes an ideal generated Ly G#
(1) For each different g and b in 6, g is irreducible by =,

(i) For each different g and b in GO, eplg, hilae = selgllae = 0 and ese(g))ge = 0,
where epl(g. hi) denotes a exitical pair of ¢ and h Lvse{g) and eselg) denote a variable

aud a coeficient self-critical pait of ¢ respectively.,

By the definition of Boolean Grobner base, we can get {]]] b!,-' Lemmna 2.4, and (il]:l 1}}"

Lemma 2.5 directly.

Let Gy = {g: & t]g: = 0}, and G} = {t;8lg;6 = 0}. Sinee I = (), I8 = (GHU GY).
Therefore in order to see (i), it suffices to show Gf C (GA), 1.e. 1,0 € (GH) for any ¢ such
that g;# = 0. Note that sep(g;A, & ;) = g.t; + 1, Hence.[=ep{g;A; 10 £;))8 = t,8. Since
{seplaid; @) e =0, (seplgnA; 1.0 e = 0 by Lemma 2.5, ic. (ti@) | ge — 0. By the
definition of =g, it is clear that ¢,6 € (G8).



Praaf: of Theorem 2.3

This is exactly same as Lemma 2.5. []
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